22. Brief Review of Cartesian System of Rectangular Co-
ordinates

Exercise 22.1

1. Question

If the line segment joining the points P(x1, y1) and Q(x», y2) subtends an angle a at the origin O,
prove that : OP. OQ cos a = X1 X2 + Y1 Y2.

Answer
Key points to solve the problem:

e Idea of distance formula- Distance between two points P(x1,y1) and Q(x5,y2) is given by- PQ =

«.f(xz — %)%+ (y2 —y1)?

Given,

Two points P and Q subtends an angle a at the origin as shown in figure:

From figure we can see that points O,P and Q forms a triangle.

Clearly in AOPQ we have:

OPZ+0Q2 —PQ?
cosag = ———  {from cosine formula in a triangle
20P.0Q { gle}



= 2 0P.0Qcosa = OP? + 0Q* — PQ? .....equation 1

From distance formula we have-

OP = J(x; — %)% + (y2 — y1)?

As, coordinates of Oare (0, 0) = x =0andy, =0
Coordinates of P are (X1, y1) = X1 = x1 and y1 = y1
= VI(XI —0)* +(y, —0)?

N 7
VXt

Similarly, OQ = xri(xz —0)2+ (y, — 0)2

= Jx7 +y3

And, PQ = [(x, —%,)2 + (¥, — ¥1)?

2 2
2 0P2+0Q2-PQ? = (i +y2) + (Va5 +33) — (VGomxp?+ (12— y2)2)

= 0P2 +0Q? - PQ2 = x2 + y2 + x2 +y2 — {(x, — X, )* % (¥ — y,)?]
Using (a-b)2 = a2 + b2 - 2ab

~ OP2 + 0Q2 - PQ? = 2x1 X + 2y1 Y2 ....equation 2

From equation 1 and 2 we have:

20P.0Qcosa = 2XyX, + 2V, V>

= 0P.0Qcosa = X; X, + ¥V, =Proved.

2. Question

The vertices of a triangle ABC are A(0, 0), B (2, -1) and C (9, 0). Find cos B.
Answer

Key points to solve the problem:

¢ Idea of distance formula- Distance between two points P(x1,y1) and Q(xp,y2) is given by- PQ =

«.f(xz —X;)%2+ (y2 —y1)?

Given,
Coordinates of triangle and we need to find cos B which can be easily found using cosine formula.

See the figure:



From cosine formula in AABC , We have:

ABZ+BCZ-ACH
ZAB.BC

cos B =

using distance formula we have:

AB=[(2—-0)2+(—1-0)2=+5

BC=/(9—-2)2+(0—(—1))Z =+72+ 12 =4/50

And, AC = '\"Ill[:g —-0)2+(0-0)2=9

2 z
- cos B = W5)~ +(v50) —9* _ 5581 %6 _ -13
245450 2 +/5 /225 10410 54/10

3. Question

Four points A (6, 3), B(-3, 5), C(4, -2) and D(x, 3x) are given in such a way that ‘lﬁg =% , find x.

Answer
Key points to solve the problem:

¢ Idea of distance formula- Distance between two points P(x1,y1) and Q(x2,y2) is given by- PQ =
«.f(xz — %)%+ (Y2 —y1)?




Qxzy:

P {xuy:)

Rixa.ys)

» Area of a APQR - Let P(xq,y1) , Q(x2,y2) and R(x3,y3) be the 3 vertices of APQR.

Ar(APQR) = ~[X1(y2 — y3) + x2(y3 — y1) + x3(y1 — y2)]

Given, coordinates of triangle as shown in figure.

D, 3}

-d

(=]

ADEBC 1
Also, — = =

" AABC 2

ar(ADBC) = - [x(5 — (=2)) + (—3)(=2 — 3x) + 4(3x —5)]

=§[?x+6+9x+ 12x — 20] = 14x — 7



Similarly, ar(AABC) = §[6(5 —(=2)) + (=3)(—2— 3) + 4(3-5)]

=-[42+15-8] =2 = 245

_ADBC 1 14x-7

T AABC T 2 245

= 24.5 =28x - 14

= 28x = 38.5

= x = 38.5/28 = 1.375
4. Question

The points A (2, 0), B(9, 1), C (11, 6) and D (4, 4) are the vertices of a quadrilateral ABCD.
Determine whether ABCD is a rhombus or not.

Answer
Key points to solve the problem:

e Idea of distance formula- Distance between two points P(x1,y1)'and Q(x>,y>) is given by- PQ =

J(Xg — %)%+ (y2 —y1)?

e Idea of Rhombus - It is a quadrilateral with all four sides equal.

Given, coordinates of 4 points that form a quadrilateral.as shown in fig:

Using distance formula, we have:

AB=./(9-2)2+(1-0)2=y72+1=1/50



BC=,/(11-9)2+(6—1)2 =22 +52 =429

Clearly, AB # BC = quad ABCD does not have all 4 sides equal.
~ ABCD is not a Rhombus

5. Question

Find the coordinates of the centre of the circle inscribed in a triangle whose vertices are (-36, 7), (20,
7) and (0, -8).

Answer
Key points to solve the problem:

e Idea of distance formula- Distance between two points P(x1,y1) and Q(xp,y>) is given by- PQ =

«.f(xz — %)%+ (y2 —y1)?

Pl

Alx1,y1)

* Incentre of a triangle - Let A(X1,y1) , B(x2,y2) and C(x3,y3) be the 3 vertices of AABC and O be the
centre of circle inscribed in AABC

0= (33'-'1"":'3‘2‘“33‘3 ay, +by.+oyy
atb+c atb+c
respectively.

) where a, b and c are length of sides oppositeto 2 A, 2B and 2 C

Given, coordinates of vertices of triangle as shown in figure:



55
wh

We need to find the coordinates of O:

Before that we have to find a ,b and c. We will use distance formula to find the same.

As,a=BC= [(20—0)2+ (7 —(—8))2 =202 + 152 =25

b=AC=_/(—36—-0)2+ (7—(—8))2 = V362 +152 = /1521 = 39

and c = AB = ,/(—36 — 20)2+ (7 — 7)2 =66

25(—36)+39(20)+56¢0) 25(?J+39{?]+55(—9])

=~ coordinates of O = ( :
25+39+56 25+39+56

(—1 c-) Lo
- \120"120 =(-1.0)

6. Question

The base of an equilateral triangle with side 2a lies along the y-axis such that the mid-point of the
base is at the origin. Find the vertices of the triangle.

Answer
Key points to solve the problem:

¢ Idea of distance formula- Distance between two points P(x1,y1) and Q(x>,y>) is given by- PQ =

xriﬁxz — %)%+ (y, —y1)?

e Equilateral triangle- triangle with all 3 sides equal.

e Coordinates of midpoint of a line segment - Let P(x1,y1) and Q(x2,y2) be the end points of line

segment PQ. Then coordinated of midpoint of PQ is given by - [HTHZMEﬂ)

Given, an equilateral triangle with base along y axis and midpoint at (0,0)



.~ coordinates of triangle will be A(0,y1) B(0,y>) and C(x,0)
As midpoint is at origin = y1+y, = 0=y = -y> ....eqn 1

Also length of each side = 2a (given)

~ AB = «f(ﬂ —0)2+(y2—y1)? =y, —y;=2a--€an2
~ from eqn 1 and 2:

yi1 =aandyp = -a

. 2 coordinates are - A(0,a) and B(0,-a)

See the figure:

37

A(D,a)
3

Cix. 0

Clearly from figure:
DC = x

DC X
H . 0O — — —= —_——
Also in AADC: cos 30 AC Jlo—xP+(a o)y

V3 X
2

yx*+a?
Squaring both sides:

3(x?+a%) =4x? = x? =3a°



“X = i\."ﬁ
.. Coordinates of C are (v/3a,0) or (-V3a,0)
7. Question

Find the distance between P(x1, y1) and Q(x>, y>) when (i) PQ is parallel to the y-axis (ii) PQ is
parallel to the x-axis.

Answer
Key points to solve the problem:

¢ Idea of distance formula- Distance between two points A(x1,y1) and B(x3,y>) is given by- AB =

«.f(xz — %)%+ (Y2 —y1)?

Given, P(x1, y1) and Q(x>y, y>) are two points.
i) When PQ is parallel to y-axis
This implies that x — coordinate is constant = x; = x3

~ from distance formula:

ii) When PQ is parallel to x-axis
This implies that y — coordinate is constant = y, = y4

« from distance formula:

PQ = \f(xz —X)2+(y,—y, )% = 0% (Xp—xy)2 = Ix2 - x1

Note: we take modulus because square root gives both positive and negative values but distance is
always positive so we make it positive using modulus function.

8. Question

Find a point on the x-axis, which is equidistant from the point (7, 6) and (3, 4).
Answer

Key points to solve the problem:

e Idea of distance formula- Distance between two points A(x1,y1) and B(xp,y>2) is given by- AB =

J(Xg — %)%+ (y2 —y1)?

As, the point is on x-axis so y-coordinate is 0.
Let the coordinate be (x,0)
Given distance of (x,0) from (7,6) and (3,4) is same.

=~ using distance formula we have:



JEx=7)2+(0-6)2= J(x—3)2+ (0— 4)2
squaring both sides, we have:
(x—7)*+(0—6)* = (x—3)*+(0—4)?
=xX*+49—-14x+36=%x*+9 —6x+ 16

8 60 60 15
:‘ = ;"‘ = —_—m—=— =
X X 5 2

~ point on x-axis is (7.5,0)
Exercise 22.2

1. Question

Find the locus of a point equidistant from the point (2, 4) and the y-axis.
Answer

Key points to solve the problem:

¢ Idea of distance formula- Distance between two points A(x1,y1) and B(x3,y>) is given by- AB =

«.f(xz —X;)%2+ (y2 —y1)?

How to approach: To find locus of a point we first assume the coordinate of point to be (h, k) and
write a mathematical equation as per the conditions'mentioned in question and finally replace (h, k)
with (X, y) to get the locus of point.

Let the coordinates of point whose locus is to be determined be (h, k)
As we need to maintain a same distance of.(h,k) from (2,4) and y-axis.
So we select point (0,k) on y-axis.

From distance formula:

Distance of (h,k) from (2,4) = xf”:h —2)2+ (k—4)2

Distance of (h,k) from (0,k) = V*'(h —0)2+ (k—k)2

According to question both distance are same.

=22+ (k—4)2=,/(h—0)2+ (k— k)2
Squaring both sides:
(h—2)*+(k—4)>=(h—0)*+ (k—Kk)?
>h’+4—4h+k*—8k+16=h*+0

>k?®—4h—8k+20=0



Replace (h,k) with (x,y)

Thus, locus of point equidistant from (2,4) and y-axis is-
y*—4x—8y+20=0

2. Question

Find the equation of the locus of a point which moves such that the ratio of its distance from (2, 0)
and (1, 3)is 5 : 4.

Answer
Key points to solve the problem:

e Idea of distance formula- Distance between two points A(x1,y1) and B(x2,y>2) is given by- AB =

\sz —X1)2+ (y2 —y1)?

How to approach: To find locus of a point we first assume the coordinate of point to be (h, k) and
write a mathematical equation as per the conditions mentioned in question.and finally replace (h, k)
with (x, y) to get the locus of point.

Let the point whose locus is to be determined be (h,k)

Distance of (h,k) from (2,0) = vf'[:h —2)2+(k—0)2

Distance of (h,k) from (1,3) = VI[:h —1)2+ (k— 3)2

According to question:

J(h—2)2+(k-0)2 5

Jh—D2+(k—3)? 4

Squaring both sides:

16{(h— 2)*+ k*} = 25{(h—1)" + (k—3)?%}

= 16{h* +4 — 4h +k*} = 25{h? —2h + 1 + k* — 6k + 9}
= 9h% +9k? + 14h — 150k + 186 = 0

Replace (h,k) with (x,y)

Thus, the locus of a point which moves such that the ratio of its distance from (2, 0) and (1, 3) is 5 :
4 s -

9x? + 9}?2 + 14x — 150y + 186 =0
3. Question
A point moves as so that the difference of its distances from (ae, 0) and (-ae, 0) is 2a, prove that the

equation to its locus is 2= —2_ —1, where b2 = a2(e? - 1).
at b



Answer
Key points to solve the problem:

e Idea of distance formula- Distance between two points A(x1,y1) and B(X2,y>) is given by- AB =

V& —%4)2+ (v — ¥, )?

How to approach: To find locus of a point we first assume the coordinate of point to be (h, k) and
write a mathematical equation as per the conditions mentioned in question and finally replace (h, k)
with (X, y) to get the locus of point.

Let the point whose locus is to be determined be (h,k)

Distance of (h,k) from (ae,0) = ,/(h —ae)2 + (k— 0)2

Distance of (h,k) from (-ag,0) = vf[h —(—ae))2+ (k—0)2

According to question:

Jh—ae)Z+ (k—0)2 — J(h—(—ae))2+ (k—0)2 = 2a

= J(h—ae)2+ (k—0)2 =2a+ /(h+ae)2+ (k—0)2

Squaring both sides:

(h—ae)*+ (k—0)* = {2a+ (0 + ae)Zt (K~ 0]

= h? +a%e? — 2aeh + k% = 4a% + {(W+ @e)> #k?} + 4a,/(h + ae)2 + (k— 0)2

= h% +a%e? — 2aeh + k?
= 4a? + h? + 2aeh+ a?e?+ k? + 4a,/(h + ae)2 + (k— 0)2

= —4aeh — 4a = 4a,/(h+ae)?+ (k— 0)2

= —4a(eh + a) = 4a,/(h + ae)2 + (k— 0)?
Again squaring both sides:

(eh+a)?= (h+ae)?+ (k—0)?

= e?h? + a% + 2aeh = h? + a%e? + 2aeh + k?

> h?(e?—1)—k*= a%(e’— 1)

h? k2
a?  a?(e?-1)
2 4
:h_z_:—= 1 where b2 = a2(e? - 1)
a

Replace (h,k) with (x,y)



Thus, locus of a point such that difference of its distances from (ae, 0) and (-ae, 0) is 2a:

L2 2
}‘_Z_$ — 1 where b2 = a%(e2 - 1) ....proved
a

4. Question

Find the locus of a point such that the sum of its distances from (0, 2) and (0, -2) is 6.
Answer

Key points to solve the problem:

¢ Idea of distance formula- Distance between two points A(x1,y1) and B(x2,y>) is given by- AB =

xriﬁxz — %)%+ (y, —y1)?

How to approach: To find locus of a point we first assume the coordinate of point to be (h, k) and
write a mathematical equation as per the conditions mentioned in question and finally replace (h, k)
with (X, y) to get the locus of point.

Let the point whose locus is to be determined be (h,k)

Distance of (h,k) from (0,2) = VI[:h —0)2+ (k—2)2

Distance of (h,k) from (0,-2) = \f[h —0)2+ (k— (—2))2

According to question:

V)2 + (k—2)2 + ()2 + (k+2)2 =§

> J2+ (k—2)2 =6 — /()2 + K+ 2)?

Squaring both sides:

h? +(k—2)> = {6— /2B (K% 2)2}2

=>h?+4—4k+k?>=36+{" + k> +4k + 4} — 12,/h2 + (k + 2)2

= —8k— 36 = —12,/hZ + (k + 2)2

= —4(2k+9) = —12yh2 + (k + 2)?

Again squaring both sides:

2
(2k+9)? = {302 + (k+2)?}
= 4k? + 81 + 36k = 9(h* + k* + 4k + 4)

= 9h? + 5k? = 45

Replace (h,k) with (x,y)



Thus, locus of a point such that sum of its distances from (0,2) and (0,-2) is 6:
9x? + 5y? = 45 ....proved

5. Question

Find the locus of a point which is equidistant from (1, 3) and x-axis.

Answer

Key points to solve the problem:

e Idea of distance formula- Distance between two points A(x1,y1) and B(Xp,y>2) is given by- AB =

J(Xg — %)%+ (y2 —y1)?

How to approach: To find locus of a point we first assume the coordinate of point to be (h, k) and
write a mathematical equation as per the conditions mentioned in question and finally replace (h, k)
with (x, y) to get the locus of point.

Let the coordinates of point whose locus is to be determined be (h, k)
As we need to maintain a same distance of (h,k) from (2,4) and x-axis.
So we select point (h,0) on x-axis.

From distance formula:

Distance of (h,k) from (1,3) = ,/(h — 1)2 + (k— 3)2

Distance of (h,k) from (h,0) = *\Mh —h)z2+(kZ0)2

According to question both distance are same.

s J—D2+ (k—3)2=,/(h— )2+ (k—0)
Squaring both sides:
(h—1)*+(k—3)*=(h—h)2+ (k—0)*?
>h’+1-2h+k*-6k+9=k*+0
>h?—2h—6k+10=0

Replace (h,k) with (x,y)

Thus, locus of point equidistant from (1,3) and x-axis is-
X2—2x—6y+10=0

6. Question

Find the locus of a point which moves such that its distance from the origin is three times is distance
from x-axis.

Answer



Key points to solve the problem:

e Idea of distance formula- Distance between two points A(x1,y1) and B(Xx2,y>) is given by- AB =

V& —%4)2+ (v — ¥, )?

How to approach: To find locus of a point we first assume the coordinate of point to be (h, k) and
write a mathematical equation as per the conditions mentioned in question and finally replace (h, k)
with (X, y) to get the locus of point.

Let the coordinates of point whose locus is to be determined be (h, k)
As we need to maintain a distance of (h,k) from origin such that it is 3 times the distance from x-axis.
So we select point (h,0) on x-axis.

From distance formula:

Distance of (h,k) from (0,0) = 1\fﬁ'[h —0)2+(k—0)2

Distance of (h,k) from (h,0) = *JI(h —h)2+ (k—0)2

According to question both distance are same.

~J(h=0)2+(k-0)2=3,/(h—h)2+ (k—0)2
Squaring both sides:

h? + k* = 9k?

= h? = 8k?

Replace (h,k) with (x,y)

Thus, locus of point is x* = 8y~ ...

7. Question

A(5, 3), B(3, -2) are two fixed points, find the equation to the locus of a point P which moves so that
the area of the triangle PAB is 9 units.

Answer
Key points to solve the problem:

¢ Idea of distance formula- Distance between two points A(x1,y1) and B(x2,y>) is given by- AB =

xriﬁxz — %)%+ (y, —y1)?

Area of a APQR - Let P(x1,y1) , Q(x2,y2) and R(x3,y3) be the 3 vertices of APQR.
Ar(APQR) = %le(yz — v3) + x2(y3 — yv1) + x3(y1 — y2)|

How to approach: To find locus of a point we first assume the coordinate of point to be (h, k) and
write a mathematical equation as per the conditions mentioned in question and finally replace (h, k)
with (X, y) to get the locus of point.



Let the coordinates of point whose locus is to be determined be (h, k). Name the moving point be C

Given area of AABC = 9

e
1
L

According to question:

9=215(-2-K) +3(k—3)+h((3-(-2))|

=18 =| — 10— 5k + 3k— 9 + 3h + 2h|

= |5h —2k— 19| = 18
~bh—-2k—-19=180r5h—2k—19 = —18
=>5h—-2k—-37=00r5h=2k—-1=0

Replace (h,k) with (x,y)

Thus, locus of point is Ex — 2y—37=00r5x—2y—1=0..

8. Question

Find the locus of a point such that the line segments having end points (2, 0) and (-2, 0) subtend a
right angle at that point.

Answer
Key points to solve the problem:

e Idea of distance formula- Distance between two points A(x1,y1) and B(x2,y>2) is given by- AB =

\sz —X1)2+ (y2 —y1)?




e Pythagoras theorem: In right triangle AABC : sum of the square of two sides is equal to square of
its hypotenuse.

How to approach: To find locus of a point we first assume the coordinate of point to be (h, k) and
write a mathematical equation as per the conditions mentioned in question and finally replace (h, k)
with (x, y) to get the locus of point.

Let the coordinates of point whose locus is to be determined be (h, k) and name the moving point be
C.

~— ~—

According to question on drawing the figure we get a right triangle A ABC.
From Pythagoras theorem we have:
BC2 + AC2 = ABZ

From distance formula:

5C = [(h = (—2))7 + (k= 0)°

AC = [(h—2)2+(k—0)2

And AB = 4

a[J@_(_af+(k_npr+{4m—ap+(k—mﬁf=16

>(h+2)?+k*+(h—-2)2+k*=16
>h?’+4+4h+k*+h*—4h+4+k*=16

=2h?+2k>—8=0



>h*+k* =4

Replace (h, k) with (x,y)

Thus, locus of point is x* + y% = 4
9. Question

If A(-1, 1) and B (2, 3) are two fixed points, find the locus of a point P so that the area d APAB = 8
sq. units.

Answer
Key points to solve the problem:

e Idea of distance formula- Distance between two points A(x1,y1) and B(xp,y>) is given by- AB =

«.f(xz — %)%+ (y2 —y1)?

Area of a APQR - Let P(x1,y1) , Q(x2,y2) and R(x3,y3) be the 3 vertices of APQR.
Ar(APQR) = ;lxl(}rz — v3) + x2(y3 — y1) + x3(y1 — y2)|

How to approach: To find locus of a point we first assume the coordinate of point to be (h, k) and
write a mathematical equation as per the conditions mentioned in question and finally replace (h, k)
with (x, y) to get the locus of point.

Let the coordinates of point whose locus is to be determined be (h, k). Name the moving point be C

Given area of AABC = 8

C{k)
&
4
B=(2,3
-";"-i =1..1)
-4 -2 0 2 4 6

According to question:



8=§|—1(3—k)+2(k—1)+h((1—3)|

=216=|—-3+k+2k—2+h—3h|

= |3k—2h—-5| =16

~3k—2h—-5=160r3k—2h—-5= —16
=23k—-2h—-21=00r3k—-2h+11=0

Replace (h,k) with (x,y)

Thus, locus of point is 3y—2x—21=0o0r3y—2x+11=0 ..
10. Question

A rod of length | slides between the two perpendicular lines. Find the locus of the point on the rod
which divides it in the ratio 1 : 2.

Answer
Key points to solve the problem:

¢ Idea of distance formula- Distance between two points A(x1,y1) and B(x3,y>) is given by- AB =

xriﬁxz — %)%+ (y, —y1)?

e Idea of section formula- Let two points A(x1,y1) and B(X3,y2) forms a line segment. If a point C(x,y)
divides line segment AB in ratio of m:n internally,.then coordinates of C is given as:

C= (mxzﬂml 1ny2+11yl)
m+n  m+4n

How to approach: To find locus of a point we first assume the coordinate of point to be (h, k) and
write a mathematical equation as per.the.conditions mentioned in question and finally replace (h, k)
with (x, y) to get the locus of.point.

Let the coordinates of point whose locus is to be determined be (h, k). Name the moving point be C

Assume the two perpendicular lines on which rod slides are x and y axis respectively.



A(0.b)

-1 CIT 1 2 3 4 5
D =(0, 0) B(a,0)

Here line segment AB represents the rod of length | also AADB formed is-a right triangle. Coordinates
of A and B are assumed to be (0,b) and (a,0) respectively.

~a2+b2=12 . .eqn1
As, (h,k) divides AB in ratio of 1:2

-~ from section formula we have coordinate of point C as-

C= (1nxz+n:-:l m}rz+n}rl) _ (1x0+2>(a 1>(b+2>':0) 9 (Z_a E)
2+41 ' o241 32’3

m+n ~  m+n
As, a and b are assumed parameters so we have to remove it.
~h=2a/3=>a=3h/2
And k = b/3 = b = 3k

From egn 1:

a? + b2 =12

(B £ @R2 -

Replace (h,k) with (x,y)

2
Thus, locus of point on rod is: “: +y? =

o | T

11. Question



Find the locus of the mid-point of the portion of the x cos a + y sin a = p which is intercepted
between the axes.

Answer
Key points to solve the problem:

e Idea of distance formula- Distance between two points A(x1,y1) and B(x3,y>) is given by- AB =

«.f(xz —X;)%2+ (y2 —y1)?

e Idea of section formula- Let two points A(x1,y1) and B(x2,y>) forms a line segment. If a point C(x,y)
divides line segment AB in ratio of m:n internally, then coordinates of C is given as:

C= (mxz+nxl my» +ny,
m+n ' m+n
(3‘2"‘1’1. }"2"‘}"1.)
2 2

) when m = n =1, C becomes the midpoint of AB and C is given as C =

How to approach: To find locus of a point we first assume the coordinate of point to be (h, k) and
write a mathematical equation as per the conditions mentioned in question.and finally replace (h, k)
with (X, y) to get the locus of point.

Let the coordinates of point whose locus is to be determined be (h, k). Name the moving point be C
Given that (h,k) is midpoint of line x cos a + y sin a = p intercepted between axes.

So we need to first find the points at which x cos a + y sinna = p cuts the axes after which we will
apply the section formula to get the locus.

Puty =0

.~ X = p/cos a = coordinates on x-axis is (p/cos a ;.0)..Name the point A
Similarly, Put x = 0

~ Yy = p/sin a = coordinates on y-axis.is (0, p/sin a ). Name this point B
As C(h,k) is midpoint of AB

-~ coordinate of C is given by:

P P
C = (-“2"'-‘-'1 }'2"'}'1) _ | cos g"’ﬂ ﬂ'sjng _ ( P P )
z ' 2 Zeosa 2sina

Thus,
h=—— = £ = ¢osa..equation 1
2cos o Z2h
_ b P _ .
and k= —— = — = sina ...equation 2
2sin o 2k

Squaring and adding equation 1 and 2:

2 2
%4—% = cos?a + sin®a



PZ PZ
= - —_— =

e T L
Replace (h,k) with (x,y)

p* , p°
Thus, locus of point on rod is: =1
dxZ  4y*

12. Question

If O is the origin and Q is a variable point on y2 = x, Find the locus of the mid-point of OQ.
Answer

Key points to solve the problem:

e Idea of section formula- Let two points A(x1,y1) and B(x2,y>) forms a line segment. If a point C(x,y)
divides line segment AB in ratio of m:n internally, then coordinates of C is given as:

C= (mxz+nxl my» +ny,
m+n ' m+n
(3‘2"‘1’1. }"2"‘}"1.)
2 2

) when m = n =1, C becomes the midpoint of ABsand C is given as C =

How to approach: To find locus of a point we first assume the coordinate of point to be (h, k) and
write a mathematical equation as per the conditions mentioned.in question and finally replace (h, k)
with (X, y) to get the locus of point.

Let the coordinates of point whose locus is to be determined be (h, k). Name the moving point be C

As, coordinate of mid point is (h,k) {by our assumption},
Let Q(a,b) be the point such that Q lies on.clrve y2 = x

b2 = a .....equation 1

According to question C is midpoint of OQ

c=(L h_m):(;:(ﬂ '10)=(5 E)
2 'z 2/ 2 2’2

hzg ora= 2h

Similarly, k = g orb= 2k

Putting values of a and b in equation 1,we have:
(2k)?=2h = 4k? =2h=2k* =h

Replace (h,k) with (x,y)

Thus, locus of point is: 2y* = x

Exercise 22.3

1. Question



What does the equation (x - a)2 + (y — b)2 = r2 become when the axes are transferred to
parallel axes through the point (a-c, b)?

Answer

Given, equation (x - a2) + (y - b)2 = r2. For curious readers- this equation represents a circle in the
space centered at point (a, b) having a radius of r units.

To find: Transformed equation of given equation when the coordinate axes are transformed parallelly
at point (a - ¢, b).

We know that, when we transform origin from (0, 0) to an arbitrary point (p, q), the new coordinates
for the point (X, y) becomes (x + p, Yy + q), and hence an equation with two variables x and y must
be transformed accordingly replacing x with x + p, and y with y + q in original equation.

Since, origin has been shifted from (0, 0) to (a - ¢, b); therefore any arbitrary point (x, y) will also be
convertedas (x + (a-c¢),y+b)or(x+a-c,y+Db).

The given equation (x - a)2 + (y - b)2 = r2 will hence be transformed into the new equation by
changing x by x —a + cand y by y - b, i.e. substitution of x by x + a and y. by y + b.

=((x+a-c)-a3+((y-b)-b)?=r?
=(x-c)2+y2=r2

=x2+c?-2cx+y?=r?

=x2 +y2=r2-c2+ 2cx

Hence, the transformed equation is x% + y? ='r2= €2 + 2cx.

2. Question

What does the equation (a - b) (x? + y2) - 2abx = 0 become if the origin is shifted to the
point (ab/(a-b), 0) without rotation?

Answer
Given, equation (a - b)(x2 + y2)< 2abx = 0

To find: Transformed equation of given equation when the origin (0, 0) is shifted at point (ab/(a - b),
0).

We know that, when we transform origin from (0, 0) to an arbitrary point (p, q), the new coordinates
for the point (x, y) becomes (x + p, y + q), and hence an equation with two variables x and y must
be transformed accordingly replacing x with x + p, and y with y + q in original equation.

Since, origin has been shifted from (0, 0) to (ab/(a - b), 0); therefore any arbitrary point (x, y) will
also be convertedas (x + (ab/(a-b)),y+0)or(x+ab/ (a-b),y).

The given equation (a - b)(x2 + y2) - 2abx = Owill hence be transformed into new equation by
changing x by x + ab/(a-b) and y by y as

2

= (a—b) ((1+aa—_bb) +L}r2)—2ab(x+mafbb))=ﬂ



(o ) 25

= (a—b)*(x* +y?) = a®b?
Hence, the transformed equation is (a - b)2 (x2 + y2) = a2 b2,
3. Question

Find what the following equations become when the origin is shifted to the point (1, 1)?
()x2+xy-3x-y+2=0

(i) x2-y2-2x+2y =0

(i) xy-x-y+1=0

(iv) xy -y2-x+y=0

Answer

To find: Transformed equation of given equation when the origin (0; 0) is'shifted at point (ab/(a - b),
0).

We know that, when we transform origin from (0, 0) to an arbitrary point (p, q), the new coordinates
for the point (x, y) becomes (x + p, y + q), and hence an equation with two variables x and y must
be transformed accordingly replacing x with x + p,“and 'y with y + q in original equation.

Since, origin has been shifted from (0, 0) to (1, 1); therefore any arbitrary point (x, y) will also be
convertedas (x+1,y+ 1)or(x+ 1,y + 1).

(i) x2+xy-3x-y+2=0

Substituting the value of x by x + 1 and y by y + 1, we have
=(X+1)2+(x+1)(y+1)~<3x+1)-(y+1)+2=0
=x2+1+2x+xy+x+y+1-3x-3-y-1+2=0

=x24+xy=0

Hence, the transformed equation is x2 + xy = O.

(i) x2-y2-2x+2y =0

Substituting the value of x and y by x + 1 and y + 1 respectively, we have
=(x+1)2-(y+1)2-2(x+1)+2(y+1)=0
=x2+1+2x-y2-1-2y-2x-24+2y+2=0

2 2

=X-y =O

Hence, the transformed equation is x2 - y2 = 0.

(li)xy-x-y+1=0



Substituting the value of x and y by x + 1 and y + 1 respectively, we have

x+1)(y+1)-(x+1D)-(y+1)+1=0

Xy+x+y+1-x-1-y-1+1=0

=xy=0

Hence, the transformed equation is xy = 0.

(iv)xy-y2-x+y=0

Substituting the value of x and y by x + 1 and y + 1 respectively, we have
=(x+1)(y+1)-(y+1)2-(x+1)+(y+1)=0

=Xy +Xx+y+1-y2-1-2y-x-14+y+1=0

=xy-y?>=0

Hence, the transformed equation is xy - y2 = 0.

4. Question

At what point the origin be shifted so that the equation x2 + xy - 3x + 2 = 0 does not
contain any first-degree term and constant term?

Answer

Given, equation X2 + xy - 3x+2 =0

Let's assume that the origin is shifted at point (p;,.q).

To find: The shifted point (p, q) satisfying the question’s conditions.

We know that, when we transform origin from (0, 0) to an arbitrary point (p, q), the new coordinates
for the point (x, y) becomes (x + p, y + q), and hence an equation with two variables x and y must
be transformed accordingly.replacing.x with x + p, and y with y + g in original equation.

Since, origin has been shifted from (0, 0) to (p, q); therefore any arbitrary point (x, y) will also be
converted as (x + p, Yy + q).

The New equation hence becomes:
=(x+p)2+(x+p)y+q)-3(x+p)+2=0
=x24+p2+2px+XxXy+py+ax+pg-3x-3p+2=0
=x2+xy+x(2p+q-3)+y(@-1)+p2+pg-3p-q+2=0

For no first degree term, we have 2p + q-3 = 0 and p - 1 = 0, and for no constant term we have p2
+pg-3p-q+2=0.

Solving these simultaneous equations we have p = 1 and q
= 1 satisfiesp2 + pgq-3p-q+ 2 = 0.

1 from first equation. And, p = 1 and q

Hence, the point to which origin must be shifted is (p, q) = (1, 1).



5. Question

Verify that the area of the triangle with vertices (2, 3), (5, 7) and (-3 -1) remains invariant
under the translation of axes when the origin is shifted to the point (-1, 3).

Answer
Given points (2, 3), (5, 7), and (-3, -1).
To show: The area of a triangle is invariant to shifting of origin.

The area of triangle with vertices (x4, Y1), (X2, y2), and (x3, y3) is

[

[x1(y2 = y3) + x2(y3 -y1) + x3(y1 —- ¥2)]
Hence, the area of given triangle = é[2(7+1) + 5(-1-3) - 3(3-7)]

[16 - 20 + 12]

S I o~ I

[8]

]
N

Origin shifted to point (-1, 3), the new coordinates of the triangleare (3, 0), (6, 4), and (-2, -4)
obtained from subtracting a point (-1, 3).

Hence, the new area of triangle = 51[3(4—(-4)) + 6(-4-0) — 2(0-4)]

[24-24+8]

S T o I

[8]

]
N

Since the area of the triangle before and after the translation after shifting of origin remains same,
i.e. 4. Therefore we can say thatthe area of a triangle is invariant to shifting of origin.

6. Question

Find, what the following equations become when the origin is shifted to the point (1, 1).
(Dx2+xy-3y2-y+2=0

(i) xy-y2-x+y=0

(i) xy-x-y+1=0

(iv) x2-y2-2x+2y=0

Answer

To find: Transformed equations of given equations when the origin (0, 0) is shifted at point (1, 1).



We know that, when we transform origin from (0, 0) to an arbitrary point (p, q), the new coordinates
for the point (x, y) becomes (x + p, y + q), and hence an equation with two variables x and y must
be transformed accordingly replacing x with x + p, and y with y + q in original equation.

Since, origin has been shifted from (0, 0) to (1, 1); therefore any arbitrary point (x, y) will also be
convertedas (x + 1,y + 1).

(i) x2+xy-3y2-y+2=0

Substituting x and y with (x+1) and (y+1) respectively, we have
= (x+1)2 + (x+1)(y+1)-3y2 - (y+1)+2=0
=x2+1+2x+Xy+Xx+y+1-3y2-y-142=0
=x2-3y2 +xy +3x -6y =0

Hence, the transformed equation is x2 - 3y2 + xy +3x - 6y = 0
(i)xy-y2-x+y=0

Substituting x and y with (x+1) and (y+1) respectively, we have

(x+1)(y+1) -y2 - (x+ 1)+ (y+1)=0

Xy +X+y+1-y2-x-1-y-1=0

=xy-y2=0
Hence, the transformed equation is xy - y2 =0
(i) xy-x-y+1=0

Substituting x and y with (x+1) and (y+1) respectively, we have

(x+1)(y+1) - (x+1)-(y+1)+1=0

XY +x+y+l-y-1-x=-1+1=0
=xy =0

Hence, the transformed equation is xy = 0.
(iv) x2-y2-2x+2y =0

Substituting x and y with (x+1) and (y+1) respectively, we have

(x+1)2-(y+1)2-2(x+1)+2(y+1)=0

X2+ 14+2x-y2-1-2y-2x-2+2y+2=0
= XZ - y2 =0
Hence, the transformed equation is x2 - y2= 0.

7. Question



Find the point to which the origin should be shifted after a translation of axes so that the
following equations will have no first degree terms:

(Dy?+x2-4x-8y+3=0
(i) x2+y2-5x+2y-5=0
(iii) x2-12x+4 =0
Answer

To find: The point to which origin has to be shifted such that there are no first-degree terms, i.e.
there are no terms with (variable)?!

We know that, when we transform origin from (0, 0) to an arbitrary point (p, q), the new coordinates
for the point (x, y) becomes (x + p, y + q), and hence an equation with two variables x and y must
be transformed accordingly replacing x with x + p, and y with y + q in original equation.

In following subproblems, we assume that origin has been shifted from (0, 0) to (p, q); therefore any
arbitrary point (x, y) will also be converted as (x + p, y + q).

(Dy2+x2-4x-8y+3=0

Substituting x and y with (x+p) and (y+q) respectively, we have
= (x+p)?2 + (Y +@)? - 4(x +p)-8(y +q) +3=0
=x2+p2+2px-y2-qg2-2qy-4x-4p -8y -8qg+ 3/=0
=x2+y24+x(2p-4)+y(2g-8) +p2+q¥=4p=8q+3=0
For first degree term to be zero we have;
2p-4=0and2q-8=0

Givingus, p =2 and q = 4.

(i) x2+y2-5x+2y-5=0

Substituting x and y with (x+p) and (y+q) respectively, we have

(x+p)2+ (Y + Q)2 -5(x+p)+2(y+q)-5=0

x2+p2+2px-y2-q2-2qy-5x-5p+2y+2q-5=0

x2+y2+x(2p-5)+y(2q+2)+p2+qg2-5p+2q-5=0
For first degree term to be zero we have,
2p-5=0and2g+2=0

Giving us, p =5/2and q = 1.

Hence, the shifted pointis (p, q) = (5/2, 1).

(iii) x2-12x+4=0



Substituting x and y with (x+p) and (y+q) respectively, we have

= (x+p)2-12(x +p)+4 =0

=x2+p2+2px-12x-12p+4 =10
=x2+x(2p-12)+p?2-12p+4=0

For first degree term to be zero we have,

2p-12=0.

Giving us, p = 2.

Hence, the shifted pointis (p, q) = (2, q), where q can be any real number.
8. Question

Verify that the area of the triangle with vertices (4, 6), (7, 10) and (1, -2) remains invariant under
the translation of axes when the origin is shifted to the point (-2, 1).

Answer
Given points (4, 6), (7, 10), and (1, -2).
To show: The area of a triangle is invariant to shifting of origin.

The area of triangle with vertices (x1, Y1), (X2, y2), andAXs, y3) is

[x1(y2 = y3) + x2(y3 -Y1) + X3(y1 - Y2)]

[

Hence, the area of given triangle = $[4(10-(-2)) +.7(=2-6) + 1(6-10)]

[48 - 56 - 4]

[ I o I

[-12]

-6

we takes modulus value of -6 i.e. 6 since the area cannot be negative.

Origin shifted to point (-2, 1), the new coordinates of the triangle are (6, 5), (9, 9), and (3, -3)
obtained from subtracting a point (-2, 1).

Hence, the new area of triangle = 51[6(9—(-3)) + 9(-3-5) + 3(5-9)]

[72 - 72 + (-12)]

[ T T I

[-12]

-6

we takes modulus value of -6 i.e. 6 sq. sq. units since the area cannot be negative.



Since the area of the triangle before and after the translation after shifting of origin remains same,
i.e. 6 sq. units, therefore we can say that the area of a triangle is invariant to shifting of origin.



