10. Sine and Cosine Formulae and their Applications

Exercise 10.1
1. Question
Ifin a AABC, ZA = 45°, /B = 60°, and £C = 75°; find the ratio of its sides.

Answer
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e
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B ’:, 60° 75° [\ C
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Let a, b, c be the sides of the given triangle. Then by applying the sine rule, we get

a b C
sinA sinB  sinC

Now substituting the given values we get

a b C
= = =
sin45° sin 60° sin 75°

a b C
= = =
sin45°  sin60°  sin(30° + 45°)

a b C
~ Sin45°  sin60°  sin30°C0s45° + sin 45° cos 30°

(" sin (@ + b) =sinacos b + sinb cos a)

Now substituting the corresponding values; we get,

a b C

= — = — =
1 V311 1 43
> 5 s Xt =X
V2 2 272 a2
a b C

= — = — =
i E 1+\,'"§
V2 2 22

= abic=—:—:
2

Multiplying 2v2, we get

a:b:c = 2:\,’%:(1 + \.@)

Hence the ratio of the sides of the given triangle is 2: +/6: (1 + \;'E)
2. Question

If in any AABC, £C = 105°, LB = 45°, a = 2, then find b.

Answer



BA45°  105°/\ C
2

We know in a triangle,

LA+ /B + £LC =180°

= /LA =180°- LB - LC

Substituting the given values, we get

LA =180° - 45° - 105°

= LA = 30°

Let a, b, c be the sides of the given triangle. Then by applying the sine rule, we get

a b C

sinA sinB  sinC

a b
=T = T
sinA sin B

Now substituting the corresponding values we get

2 b

= =
sin30° sin 45°

Substitute the equivalent values of the sine, we get

2 b
1T L
2 V2
=:-4=b\.’§
4
=b=—=22
V2

Hence the value of b is 2v2 units.
3. Question
In AABC, ifa =18, b =24 and c = 30 and £C = 909, find sin A, sin B and sin C.

Answer

/ 24
A e A

B C

Let a, b, c be the sides of the given triangle. Then by applying the sine rule, we get

a b C
sinA sinB  sinC




d C

= — = -
sinA sinC

Now substituting the given values we get

18 30
= =
sinA 5in 90°
A 18 x sin90°
= 8inA = ———
30
A 18x1
= SinA =
30
A 3
= sinA = —
5
Similarly,
b C

sinB  sinC

Now substituting the given values we get

24 30
=1 =
sinB sin 90°
B 24 % 5in90°
= sinB = 30
B 24 x1
= sinB = 30
B 4
= sinB = E

And given £C = 90°, so sin C = sin 90° = 1,
Hence the values of sin A, sin B, sin C areg,g, 1 respectively

4. Question

In any triangle ABC, prove the following:

)
tan| ——
a—b_ 2

a+b [A—B]
fan
-

Answer
Let a, b, c be the sides of any triangle ABC. Then by applying the sine rule, we get

a b C

sinA sinB  sinC

d

sinA

=a =ksin A

Similarly, b = k sin B

So, a- b = k(sin A - sin B)

And a + b = k(sin A + sin B)



So, the given LHS becomes,

LHS =
a+b

k(sinA — sinB)
= =
k(sinA + sinB)

(sinA — sinB) .
== ——— (i
(sinA + sinB)

But,
A—B A+ B
sinA —sinB = 25111( )cos( )
2 2
A+ B A—B
sinA + sinB = Zsin( 5 )cos( 5 )

Substituting the above values in equation (i), we get

a—bh (Zsin(A;B)cos (A ; BD

R O O )

Rearranging the above equation we get,

(n(5Y) (A5
(@) )

() 1

== X

(an (258)
(an (52))

Hence proved

== =

5. Question

In any triangle ABC, prove the following:

C .[A—BJ

(a—b)cos—=csin

— -

Answer
Let a, b, c be the sides of any triangle ABC. Then by applying the sine rule, we get

a b C

sinA sinB  sinC

d

sinA

=a =ksin A

Similarly, b = k sin B

So, a - b = k(sin A - sin B)..(i)

So the given LHS becomes,



C
LHS = (a—Db) cos

Substituting equation (i) in above equation, we get
C
= = (k(sin A— sin B))cosi - (i)

But,

A—B A+ B
sinA—sinB=Zsin( 5 )cos( 2 )

Substituting the above values in equation (ii), we get

(a— b)cosg = (R(ZSin (A; B) cos(A —Iz_ B)))cosg

- (sl )eos () D e h v m v e - m

2

(Zk . (A— B) (A + B)) . (A + B) (TII Ei) in6
= = B —_ =
sin{—— | cos 2 sin{— (~ cos 2 sin 8)

Rearranging the above equation we get

~ ki (A_B)(Z' (A+B) (A+B))
= = ksin 2 sin 5 Cos 5

But sin(8) = 2cos @) sin (B)

2
So the above equation becomes,

2

= ksin( )(sin(A + B))

2

=ksin( )(SiIl(”IT—C))[:'-'TII=A+B+C=>A+B=TII—C)

= = ksin(C) sin( ) (= sin(m— @) = sin0)

But from sine rule,

C
—— = k= = ksinC
sinC

So the above equation becomes,

= = csin( ) = RHS

Hence proved
6. Question

In any triangle ABC, prove the following:

5wl
tan| — |+ tan| —
¢ 2 2

a-b tan[ iJ—tam[ EJ
2 2

Answer




Let a, b, c be the sides of any triangle ABC. Then by applying the sine rule, we get

a b C

sinA sinB  sinC

d

sinA

=a = ksin A

Similarly, b = ksin B

And c = k sin C.....(iJ)

So, a - b = k(sin A - sin B)..(ii)
So the given LHS becomes,

C

LHS =
a—b

Substituting equation (i) and (ii) in the above equation, we get

ksinC
== k(sinA — sinB)

sinC .

== —
(sinA — sinB) (i)
Applying half angle rule,

inC = 2si € cose
sinC = 2sinz coss ... (iii)

And

A B) cos (A _; B) e (V)

Substituting equation (iii) and (iv) in equation (ii), we get

sinA—sinB = 2 sin(

. C C
C _ Zsmicosi
(a—b) Zsin(A;B)cos(A;B)
m— (A + B) C
=>=5m( _B:z lcis(; (+A+B+C=n=C=m-(A+ B))
sm( > )cos( 3 )
BWES=
o 5111(‘5‘;5 ;ES(A—-ILBZ ) ( sin G_B) - COSB)
cos( _(‘z_'_ B))
== s (+A+B+C=n=C=n-(A+B))
sin( ) )
. ((A+ B)
= = Sl;liIE(A?a))__(v) ( cos(g—ﬂ) = sin(—))

. (A+B . A B . A B Ay B
But sin (—) = 5In (— + —) = sin—cos— + cos (—) 5 (—)
2 2 2 2 2 2 2



. A-B A B . A B Ay . B
And sin{—) = sin|{=—=) = sin=cos——cos|=)sin|—
2 2 2 2 2 2

So the above equations in equation (v), we get

sin%cosg + cos (%) sin(g)
- A B A\ /B
sinz cos5 — cos (E) sin (E)

o . A B
Dividing numerator and denominator by cos cos-, we get

sin% cosg + cos (%) sin (g)

A_.B
L COos 7 cos 7
. A B Ay . (B
Sllli COSE — CO0s (i) sin (i)
l:l:Z'S&C(J'SE
2 2
. A B Ay . /B
SIHEACOS% + cos (i) sin ](gi)
L COSECOSE COSZ COSE
. A B A B
SIIIE COSE _ cos (2) sin (2)
A B A B
COSZ COS?. COSZ COSZ

By canceling the like terms we get,

nd sin(3)
siny sin {5
+
cos& -:-::osE
== —4F—%
sini B sin (i)
A B
cos> CoS 5
1::;11]11;L + tang
==—31 8 RHS

A
tans — tany

Hence proved
7. Question

In any triangle ABC, prove the following:

3 Jm(3)
l—tan| — [tan| —
C 2 2

a+b 1+ tan[than[EJ
2 2

Answer

Let a, b, c be the sides of any triangle ABC. Then by applying the sine rule, we get

a b C
sinA sinB  sinC

d

sinA

=a = ksin A



Similarly, b = k sin B
And c = k sin C.....(i)
So, a + b = k(sin A + sin B)..(ii)

So the given LHS becomes,

LHS =

a+b
Substituting equation (i) and (ii) in the above equation, we get

ksinC
== k(sinA + sinB)

sinC

== —— (li
(sinA + sinB) (i)

Applying half angle rule,
inC 2 si ¢ ¢
sinC = 2sin-cos—- ...... iii
And

A+ B A—B
sinA + sinB = Zsin( > )cos( 2 )....(iv)

Substituting equation (iii) and (iv) in equation (ii), we get

25inCcosE
C 51112C052

(a +b) N Zsin(A; B)COS(AEB)

sin (TE—_ (‘; + B)) COS (TE—_ (A+ B))

L PCELIIA, ' S
- c':i;‘:i]:)ws (:JF_B EB) ( sin (g—e) = cos0,cos (—— B) = Sillﬂ)
v2Z2 2
cos (—[:A ;_,‘r B))
== m - (V)
But cos (?) = (08 G + g) = cos%cos% + sin G) sin @)

A-B A B A B . AN . B
And cos|—) = cos{=——) = cos=cos—— sin|=]sin|-=
2 2 2 2 2 2 2

So the above equations in equation (v), we get
A B . Ay . (B
C0S5 COS5 + sin (i) sin (i)

cos% Cos g —sin (%) sin (g)

o . A B
Dividing numerator and denominator by cos- cosZ, We get



cos% cosg + sin (%) sin (g)

A_B
L COs 7 COSZ
A B . (AN . (B
COSE COSE — SIn (i) sin (i)
lZlZ}S&IZIZJ'SE
2 2
A B . AN . 7B
COSECOSE s1n (E) sin (E)
A BT _A B
o CDS2 COs 2 CDS2 IIZ(J'S2
o A B Ay . (B
COSE COs i - sin (2) sin (E)
A_B A_B
CDS2 COs 2 CDS2 IIZ(J'S2

By canceling the like terms we get

L+ Slll( gsmg )
C052 C052

sin (é) sin (E)

COS&COSE
p p

== =

1—

1+ tan%tang
== B = RHS

A
1-— tanitani

Hence proved
8. Question

In any triangle ABC, prove the following:

Answer
Let a, b, c be the sides of any triangle ABC. Then by applying the sine rule, we get

a b C

sinA sinB sinC

=l

sinA

=a = ksin A

Similarly, b = k sin B

And c = k sin C.....(i)

So, a + b = k(sin A + sin B)..(ii)
So the given LHS becomes,

a+b

LHS =

Substituting equation (i) and (ii) in above equation, we get



_ k(sinA + sinB)
== k(sinC)

(sinA + sinB)

= (sinC)

-(i1)
Applying half angle rule,
inC = 2si € os
sinC = 2sin-cos—~ ...... iii
And

A+ B A—B
sinA + sinB = Zsin( > )cos( 2 )....(iv)

Substituting equation (iii) and (iv) in equation (ii), we get
., A+ B A—B
a+h 25111( 5 )COS(T)
(c) 2 sin (g) Cos (g)

L sill(A;B)COS(AEB) (“A+B+C=m

sin (g) Cos (W)

. [(A=+B) A—B
L shi{—5 }COS( 2 )( sin (E—e) = cosB,cos(g—B) = Sillﬂ')

==

(A-B)
== M = RHS

sin (g)

Hence proved

9. Question

In any triangle ABC, prove the following:

B—CJ b-c A
= COs—
a 2

51'11[

-

Answer
Let a, b, c be the sides of any triangle ABC. Then by applying the sine rule, we get

a b C

sinA sinB  sinC

C

sinC

=Cc =ksinC

Similarly, b = ksin B

So, b - ¢ = k(sin B - sin C)..(i)

Here we will consider RHS, so we get

b-—c A
CoS—

RHS =
2




Substituting equation (i) in the above equation, we get

(k(sinB—sinC)) A

== Y CoS .. (i)
But,

B-C B+ C
sinB —sinC = 25111( 5 )cos( 5 )

Substituting the above values in equation (ii), we get

b—c A Zsill(B;C)cos(B;C) n—(B + C)
Ta %2 T sin A 05( 2
= TII)

)('-'A+B+C

= sinB)

T (010) ey
2

sinA 2

Rearranging the above equation we get

e e i )

sinA

But sin(B) = 2cos (a) sin (a)

2 2

So the above equation becomes,

sin (B ; C) (sin(B + C))

sinA

sin (B ; C) (sin(m—A))
= (+m=A+B+C=2A+B=1n-C)

sinA
. {B—C .
sm( 5 ) (sinfAy) - sing . 9,4
== ~ sin(m — = sin
sin A
B-C
= = sin( ) = LHS

Hence proved
10. Question

In any triangle ABC, prove the following:

a’—c¢”  sin(A-C)

b* sin(A + C)
Answer

Let a, b, c be the sides of any triangle ABC. Then by applying the sine rule, we get

a b C

sinA sinB sinC

C

sinC

=c =ksinC



Similarly, b = k sin B

And a = ksin A

Here we will consider LHS, so we get
2 _ CE

LHS = —

Substituting corresponding values in the above equation, we get

B (ksinA)? — (ksin C)?

(ksinB)2
k?(sin®A—sin®*C)
= = L1l
kZsin?B (in
But,

sin? A — sin?C = sin(A + C)sin(A — C),
Substituting the above values in equation (ii), we get

a’—c? sin(A + O)sin(A-C) T
b2 sini(m—(A + Q) ¢ =™

sin(A + C)sin(A-C) o
== Sn2((A T 0) (v sin(m—8) = sinB)

sin(A— C) RHS
== sin(A + C)

Hence proved

11. Question

In any triangle ABC, prove the following:

b sin B-csin C=asin (B-C)

Answer

Let a, b, c be the sides of any triangle ABC. Then by applying the sine rule, we get

a b C
sinA sinB  sinC

C

sinC

=c =ksin C

Similarly, b = ksin B

And a = k sin A

Here we will consider LHS, so we get

LHS =bsinB-csinC

Substituting corresponding values in the above equation, we get
= =k sin B sin B -k sin CsinC

= =k (sin? B - sin2 C ).......... (ii)

But,

sin? B —sin®*C = sin(B + C) sin(B — C),



Substituting the above values in equation (ii), we get

= = k(sin(B + C) sin(B - C))

ButA+ B+ C=m=B + C =1 -A, so the above equation becomes,
= = k(sin(mt -A) sin(B - C))

But sin (m-0) =sin©6

= = k(sin(A) sin(B - C))

From sine rule, a = k sin A, so the above equation becomes,

= = a sin(B - C) = RHS

Hence proved

12. Question

In any triangle ABC, prove the following:

aZsin (B-C) = (b?-c?) sin A

Answer

Let a, b, c be the sides of any triangle ABC. Then by applying the sine rule, we'get

a b C

sinA sinB sinC

C

sinC

=c =ksinC

Similarly, b = ksin B

And a = k sin A

Here we will consider RHS, so we get

RHS = (b? - ¢?) sin A

Substituting corresponding values inithe.above equation, we get
= = [( k sin B) - ( k sin C)?]sin A

= = k?(sin? B - sin? C )sin A.......... (i)

But,

sin? B —sin®*C = sin(B + C) sin(B — C),

Substituting the above values in equation (ii), we get

= = k2(sin(B + C) sin(B - C)) sin A

ButA+ B+ C=n=B+ C =n-A, so the above equation becomes,
= = k?(sin(rt -A) sin(B - C))sin A

But sin (m-6) =sin O

= = k2(sin(A) sin(B - C))sin A

Rearranging the above equation we get

= = (k sin(A))( sin(B - C))(k sin A)

From sine rule, a = k sin A, so the above equation becomes,



= = a?sin(B - C) = RHS

Hence proved

13. Question

In any triangle ABC, prove the following:

JsinA —v’sinB _a+b- Zm

JsinA +5inB - a—Db

Answer
Let a, b, c be the sides of any triangle ABC. Then by applying the sine rule, we get

a b C

sinA sinB sinC

inA 2 si B b
= sinA = ~-,sinB = ~
k k

Here we will consider LHS, so we get

VsinA — vsinB

LHS =
vsinA + vsinB

Multiply and divide by YSRA=VsInB 10 get

vsin A—v/sinB

vsinA — +sinB vsinA — +sinB

= —_—m
vsinA + +sinB vsinA — +sinB

{x,’sinA —+/sin B}2

{x,’sin A}z — (\,*sinB ]'2

[\,’sinA)z + [\.’sin B)z - (Zy’sinA Xa/sin B)

sinA —sinB

sinA + sinB — (2vysinA x sinB)
sinA — sinB

= =

Substituting corresponding values from sine rule in the above equation, we get

a b a_b
Kkt E—(Z R"E)

a_b
k k
1 ==
E(a + b —2y/ab)
== 1
E(a—b)
a+ b—?.\,%
== —— - RHS
a—b

Hence proved
14. Question
In any triangle ABC, prove the following:

a(sin B-sin C) + b(sin C-sin A) + c(sinA-sinB) =0



Answer
Let a, b, c be the sides of any triangle ABC. Then by applying the sine rule, we get

a b C

sinA _ sinB _ sinC
=2a=ksinA b=ksinB,c=ksinC
Here we will consider LHS, so we get
LHS = a(sin B - sin C) + b(sin C - sin A) + c(sin A - sin B)

Substituting corresponding values from sine rule in above equation, we get

= = k sin A(sin B - sin C) + k sin B(sin C - sin A) + k sin C(sin A - sin B)

= =k sin Asin B -k sin Asin C + k sin B sin C - k sin Bsin A+ ksin Csin A-ksinCsinB
Cancelling the like terms, we get

LHS = 0 = RHS

Hence proved

15. Question

In any triangle ABC, prove the following:
a’sin(B—-C) b sin(C—A) c’sin(A-B)

SInA sinB sin C

=0

Answer
Let a, b, c be the sides of any triangle ABC. Then by applying the sine rule, we get

a b C

sinA - sinB - sinC -
=sa=ksinA, b=ksinB,c=ksinC
Here we will consider LHS, so we get

a’sin(B— Q) . b? sin(C — A) . ¢~ sin(A — B)

LHS =
sinA sin B sinC

Substituting corresponding values from sine rule in the above equation, we get

(ksin A)?sin(B — C) . (ksinB)?sin(C — A) . (ksin C)?sin(A — B)
== sin A sinB sinC

k?sin? Asin(B — C) . k?sin® Bsin(C— A) . k?sin® C sin(A — B)
sin A sinB sinC

== =

Canceling the like terms, we get
= = k?[sinAsin(B — C) + sinBsin(C— A) + sinCsin(A— B)]
But sin(A - B) = sin A cos B - cos A sin B, so the above equation becomes

= = k?[sinA (sin B cos C - cos Bsin C) + sinB (sin C cos A - cos C sin A)
+ sinC (sin A cos B - cos A sin B)]

= = k?[sinAsin B cos C-sinAcos BsinC + sinBsin Ccos A -sinBcos Csin A
+ sinCsin A cos B -sin C cos A sin B]

Cancelling the like terms, we get,

LHS = 0 = RHS



Hence proved

16. Question

In any triangle ABC, prove the following:

a2 (cos? B - cos? C) + b? (cos2 C - cos? A) + cZ (cos2 A-cos?B) =0

Answer

Let a, b, c be the sides of any triangle ABC. Then by applying the sine rule, we get

a b C

sinA _ sinB _ sinC

=a=ksinA b=ksinB,c=ksinC

Here we will consider LHS, so we get

LHS = a2 (cos? B - cos2 C) + b? (cos? C - cos? A) + c2 (cos? A - cos? B)

Substituting corresponding values from sine rule in above equation, we get

= (k sin A)2 (cos? B - cos? C) + (k sin B)? (cos? C - cos? A) + (k sin C)2 (cos? A - cos? B)
= k2(sin2A cos? B - sin2A cos2 C + sin?B cos? C - sinB cosZ A + sin2A cos? A -/sin?A cos? B)
Cancelling the like terms, we get

LHS = 0 = RHS

Hence proved

17. Question

In any triangle ABC, prove the following:

bcosB +ccosC=acos(B-C)

Answer

Let a, b, c be the sides of any triangle ABC. Then by applying the sine rule, we get

a b C

sinA _ sinB _ sinC

=a=ksinA b=ksinB, ¢=ksinC

Here we will consider LHS, so we get

LHS =b cos B + ccos C

Substituting corresponding values from sine rule in above equation, we get

= =k sin B cos B + ksin Ccos C

sin 2B sin 2C
==5%k (

+ v 8in2A = 2sinAcosA
2 2 )[: )

k
== (sin2B + sin2C) ... (i)

Now we will consider RHS, so we get

RHS = a cos (B - C)

Substituting corresponding values from sine rule in the above equation, we get
= = k sin A cos (B - C)

But sin(A + B) + sin (A - B) = 2 sin A cos B, so the above equation becomes,



. sin(A + (B—C)) + sin(A—(B—0())
2

k
= = E[sin(A + B—-C) + sinfA—-B + ()]
We know in a triangle, m = A + B + C, hence the above equation becomes,

k

== E[sin(ﬁ— C—C) + sin(mt— B —B)]
k

== [sin(m— 2C) + sin(mw — 2B)]

== lE{[sin(ﬂ]) + sin(2B)]... ... (ii) (~ sin(m—8) = sin@)

Comparing equation (i) and (ii),
LHS = RHS

Hence proved

18. Question

In any triangle ABC, prove the following:

(cos2A) cos2B 1 1

af b3 "&2 bf
Answer
Let a, b, c be the sides of any triangle ABC. Then by applying the sine rule, we get

a b C

sinA _ sinB _ sinC
=a=ksinA b=ksinB,c=ksinC
Consider the LHS of the given equation, we get

(cos2A) cos2B

LHS = — =

1—-2sin?A 1-sin’B ,
== " - 02 (v cos2A = 1 —sin“A)

Substituting the values from sine rule into the above equation, we get

1—2(3) 1-(b)
R

k? —2a? k?—2b?

k2 k2
== 22 b2
k? —2a%? k?*—2b?
-

k2a2  k2b?

b2 (k2 — 2a2) — a2(k2 — 2b?)
== kZaZb?

b2k? — 2a2b? — a?k?® + 2aZb?
== kZaZh?




b2k? — a%k?

kZaZh?
b2 — 32
== azb?
b? a’
== azb?  azb?
1 1
== -7 = RHS

Hence proved
19. Question

In any triangle ABC, prove the following:

cos"B—cos"C  cos"C—cos™ A Cos"A—cc}s"B_O
b+c c—a a+b

Answer
Let a, b, c be the sides of any triangle ABC. Then by applying the sine rule, we get

a b C

sinA _ sinB _ sinC
=a=ksinA b=ksinB,c=ksinC
Now,

cos?B — cos?C

 b+c

Substituting the values from sine rule into the above equation, we get

(cosB + cosC)(cosB —cosC)
k(sinB + sinC)

== =

(~ cos?B—cos®’C = (cosB + cosC)(€osB ="cosC))

But cosA + cosB = 2-:05( :B)cos($)

And cosB — cosC = 2cos (B : C) cos (E)

And sinA + sinB = 2sin (A+B) cos (ﬂ)

Substituting these we get

_ (2eos(F5)cos((55)) (2sn(B55) sin(B5)

R(ZSin (B ; C)COS(BEC))

By canceling the like terms, we get

_ (—Zsill(Bgc)cos(B ; CD

k

—(sinB —sinC) . . _fA—B A+ B
= = K ( sinA —sinB = 25111( 5 )cos( ))




sinC —sinB
== — .. (i)

Similarly,
cos2C —cos®A
c+ a

Substituting the values from sine rule into the above equation, we get

(cosC + cosA)(cosC —cosA)
== k(sinC + sinA)

(~ cos?B—cos®’C = (cosB + cosC)(cosB — cosC))

But cosA + cosB = 2cos (A;B)COS (?)

And cosB — cosC = 2cos (B : 0) cos (E)

=

+

=]

—
o
=]
v

—

o

w

—

And sinA + sinB = Zsin(

Substituting these we get

_ (2eos (B ) cos ((58)) (-2sin (B52)sin (5))

NERNCES )

By canceling the like terms, we get

_ (—2 sin (C ;A) cos (C ; AD

k

—(sinC —sinA) . . . fA-<B A+ B
= = K ( 5111A—5111B=25m( 5 )cos( 5 ))

sinA —sinC
2= . (ii)

Similarly,
cos?A — cos’B
a+b

Substituting the values from sine rule into the above equation, we get

(cosA + cosB)(cosA—cosB)
== k(sinA + sinB)

(~ cos?B—cos®’C = (cosB + cosC)(cosB — cosC))

But cosA + cosB = 2cos (?) cos (?)

And cosB — cosC = 2cos (B ’ c) cos (E)

And sinA + sinB = 2sin (A+B) cos (E)

Substituting these we get

R S ), é—m(‘“ ) (557))

o (A D)eos A52))




By canceling the like terms, we get

_ (—2 sin(AEB)cos (A ; BD

k

—(sinA —sinB) . . _ (A—B A+ B
= = K ( sinA —sinB = 25111( 5 )cos( 5 ))

sinB —sinA
= = —x - (iii)

So the LHS of the given equation, we get

cos’B —cos?C cos’C—cos?A  cos?A —cos’B
+ +
b+ c c—a a+b

From equation (i), (ii) and (iii), we get

sinC —sinB sinA—sinC sinB —sinA

= + +
= K K K
sinC—sinB + sinA—sinC + sinB —sinA
== =
k
== 0 = RHS

Hence proved
20. Question

In any triangle ABC, prove the following:

. A . (B-C . B . [(C-A . C . [A-B
asm—sm[ J—b sl —sin J—csm—sm[ =0
3 3 3 2 >

- -

- - —

Answer
Let a, b, c be the sides of any triangle ABC. Then by applying the sine rule, we get

a b C

sinA - sinB - sinC -
=a=ksinA, b=ksinB, ¢=ksinC
So the LHS of the given equation, we get

Lhs ,A,(B—C)er,B,(c—A)Jr IC.(A—B)
= 3.511125111 2 511125111 2 C511125111 2

Substituting values from sine rule, we get

k'A'A'(B_C)+k'B'B'(C_A)
= = ksinAsingsin|— sinBsinzsin|—

+ KksinCsi C . (A—B) .

sin C sin—sin e (d
AsA+B+C=m
A , B+C B+C . .

Hence, sin = sin G—%) = oS (%) ...... (11),(513 5111(2—8) = cosﬂ),
. . B . fm C+A C+A
Similarly, sin = sm(;— . ) = cos( . ) ...... (iii)

. C . ™ A+B A+B \
And, sin- = sin (E_T) = oS (T) ...... (iv)



B+ C B—-C C+ A C—A
=:-=k[sin(A)cos( 2 )sin( > )+sinBcos( 2 )sin( )

2

+ sinC (A+B) . (A—B)]

sinCcos sin
2 2

Now sinA —sinB = 2 sin% cos¥, so the above equation becomes,
= = 2 [sin(A) (sinB — sinC) + sinB(sinC — sinA) + sinC (sinA — sinB)]

k
== 5 [sinAsinB —sinAsinC + sinBsinC — sinBsinA + sinCsinA

— sin Csin B]

Canceling the like terms we get
k
== 5(0) = 0 = RHS

Hence proved
21. Question

In any triangle ABC, prove the following:

bsecB+csecC csecC+asecA asecA+bsecB
tanB+ tanC tanC+ tan A tan A + tan B

Answer
Let a, b, c be the sides of any triangle ABC. Then by applying the sine rule, we get

a b C
sinA sinB  sinC

=a=ksinA b=ksinB,c=ksinC
So the LHS of the given equation, we get

bsecB + csecC
LHS =
tanB + tanC

b C

t 1 sin A
cosB  cosC (.. _ B
sinB _ sinC ( secA = . 7 JtanA = )

cosB cosC

bcosC + ccosB

cosBcosC
sinBcosC + sinCcosB

cosBcosC

bcosC + ccosB
sinBcosC + sinCcosB

Substituting values from sine law, we get

ksinBcosC + ksinCcosB
sinBcosC + sinCcosB

k(sinBcosC + sinCcosB) .
== =Lk...(i

sinBcosC + sinCcosB

Now consider the second part of the equation, we get



csecC + asecA
tanC + tanA

C a
+ 1 sin A
_ cosC cosA (.. _ - _
= = SinC  sinA ( secA = cosA’tanA = COSA)

cosC COSA

ccosA + acosC

cosAcosC
sinCcosA + sinAcosC

cosAcosC

ccosA + acosC

sinCcosA + sinAcosC
Substituting values from sine law, we get

ksinCcosA + ksinAcosC

sinCcosA + sinAcosC

k(sinCcosA + sinAcosC) .
= = - ; = k F—_— (11)
sinCcosA + sinAcosC

Now consider the third part of the equation, we get

asecA + bsecB
tanA + tanB

a b

— T =R 1 sin A
cosA cosB [.. _ _
sin A sinB ( secA = C tanA )

0sA ~ cosA
cosA cosB

acosB + bcosA

cosAcosB
sinAcosB + sinBcosA

cosAcosB

acosB + bcosA
~ sinAcosB + sinBcosA

Substituting values from sine law, we get

ksinAcosB + ksinBcosA

sinAcosB + sinBcosA

k(sinAcosB + sinBcosA)
- = — : = k....(iii)
sinAcosB + sinBcosA

From equation (i), (ii), and (iii), we get

bsecB + csecC csecC + asecA asecA + bsecB

tanB + tanC  tanC + tanA tanA + tanB

Hence proved

22. Question

In any triangle ABC, prove the following:
acosA+bcosB+ccosC=2bsinAsinC=2csinAsinB

Answer

Let a, b, c be the sides of any triangle ABC. Then by applying the sine rule, we get

a b C

sinA sinB sinC



=2a=ksinA b=ksinB,c=ksinC

So the LHS of the given equation, we get
LHS=acosA+bcosB +ccosC
Substituting values from sine law, we get
=ksin AcosA+ ksinBcosB + ksinCcosC

sin 2A sin2B

==Kk 5 + > + sinC cosc] (v sin2A = 2sinAcosA)

k ZA + 2B 2A-2B
== 3 [2 sin (T) Cos (T) + 2sinCcos C]

A+ B (A—B)
~ sinA + sinB = Zsin( 5 )cos 5

k
= = 2 [2sin(A + B)cos(A— B) + 2sinC cosC]

k
==3 [2sin(m— C) cos(A—B) + 2sinCcos(m— (A + B))]
(“m=A+B+C)

k
==3 [2sin(C) cos(A —B) —2sinCcos(A + B)]

(~ sin(m—©) = sinB,cos(m—0) = —cos0O)

= = ksinC [cos(A— B) — cos(A + B)]

= = ksinC [2sinAsinB] ...(i) (~ cos(A — B) — cos(A« B) = 2sinAsinB)
Now, from sine rule,

ksinC=c

Putting this value in equation (i), we get

LHS = 2csin Asin B

And also k sin B = b (from sine rule)

Putting this in equation (i), we get

LHS = 2b sin Asin C

Hence LHS = RHS
i.e.,acosA+bcosB+ccosC=2bsinAsinC=2csinAsinB

Hence proved

23. Question

In any triangle ABC, prove the following:

a(cos B cos C + cos A) = b(cos C cos A + cos B) = c(cos A cos B + cos C)
Answer

Let a, b, c be the sides of any triangle ABC. Then by applying the sine rule, we get

a b C

sinA sinB sinC

=a=ksinA, b=ksinB,c=ksinC



So by considering the LHS of the given equation, we get
a(cos B cos C + cos A)

Now substituting the values from sine rule, we get

= = k sin A(cos B cos C + cos A)

= = k (sin A cos B cos C + sin A cos A)

B k[(sin{A + B) + sin(A—B)
B 2

)cosC + sinAcosA]
(~ sin(A + B) + sin(A—B) = 2sinAcosB)

k
= = E{sin(A + B)cosC + sin(A— B)cosC + 2ZsinAcosA}

k{sill(ﬁ + B + C) +sin(A + B—C)

2 2
sinfA—B + C) + sin(A—B—C) .
+ > + 25111Ac05A}(

+ sin(A + B) + sin(A— B) = 2sinAcosB)

k
== E{sin(ﬂ) + sin((m—C)—C) + sin(m—B — B) + sin(—(B + C— A))
+ 2sin2A} (v~ m = A+ B + C,sin2A = 2sinAcosA)

k
== E{sin(ﬂ) + sin(m—2C) + sin(m— 2B) —sin((m— A—A) + 25in2A}

k
== E{sin(ZC) + sin(2B) —sin(2A) + 2sin2A} (~ sin(m~ 6) = sin0)

k
== E{sm(zc) + sin(2B) + sin2A}....(i)

Now consider the second part from the given equation, we get
b(cos A cos C + cos B)

Now substituting the values from:sine rule, we get

= = k sin B(cos A cos C + cos B)

= = k (sin B cos A cos C + sin B cos B)

L k[(sin{B + C) + sin(B—-0C)
B 2

)cosA + sinB cosB]
(~ sin(A + B) + sin(A—B) = 2sinAcosB)

k
= = E{sin(B + C)cosA + sin(B— C)cosA + 2sinBcosB}

k{sin[A + B + C) + sin(B + C—A)

2 2
sinfB—C + A) + sin(B—C —A) .
+ > + 25111Bc05B}(

+ sin(A + B) + sin(A— B) = 2sinAcosB)

k
== E{sin(ﬂ) + sin((m— A) —A) + sin(m—C—C) + sin(—(C + A—B))
+ 2sin2B} (v m = A+ B + C,sin2A = 2sinAcosA)



k

== E{sin(ﬂ) + sin(m—2A) + sin(m— 2C) — sin((m— B—B) + 2sin2B}
k

== E{sin(ZA) + sin(2C) —sin(2B) + 2sin 2B} (~ sin(m—08) = sinB)
k

== E{sm(zc) + sin(2B) + sin2A}....(ii)

Now consider the third part from the given equation, we get

c(cos A cos B + cos C)

Now substituting the values from sine rule, we get

= = k sin C(cos A cos B + cos C)

= = k (sin C cos A cos B + sin C cos C)

B k[(sill(c + A) + sin(C—A)

2 )COSB + sinCcos C]

(~ sin(A + B) + sin(A—B) = 2sinAcosB)

k
== {sin(A + C)cosB + sin(C— A)cosB + 2sinCcosC}

k{sin[A + B + C) + sin(A + C—B)
== —

2 2
sin{fC—A + B) + sin(C—A —B) .
+ > + 2sinC cosc}(

+ sin(A + B) + sin(A— B) = 2sinA cosB)

k
== E{sin(ﬂ) + sin((m— B) — B) + sin(m— A —4A) 4+ sin(—(A + B—C))
+ 2sin2C}(~ m = A + B + C,sin2A = 2sinAcosA)

k

== E{sin(ﬂ) + sin(m—2B) + sin(m— 24) = sin{(m— C—C) + 2sin2C}
k

== E{sin(ZB) + sin(2A) — sin(2C ) + 2sin 2C} (~ sin(m— 0) = sin0)
k

== E{sm(zc) + sin(2B) + sin 2A}....(iii)

From equation (i), (ii), and (iii), we get

a(cos B cos C + cos A) = b(cos C cos A + cos B) = c(cos A cos B + cos C)

Hence proved

24. Question

In any triangle ABC, prove the following:

a(cosC —cosB)=2(b —c)cosET

a—

Answer
Let a, b, c be the sides of any triangle ABC. Then by applying the sine rule, we get

a b C
sinA sinB  sinC




=2a=ksinA b=ksinB,c=ksinC

So by considering the LHS of the given equation, we get
LHS = a(cosC -cosB)

Substituting the corresponding values from sine rule, we get

= = ksinA(cosC -cosB)

= = k(sinAcosC -sinAcosB)

k(sin(A + C) + sin(A—C) sin(A + B) + sin(A— B))
- = -
2 2

(v sin{A + C) + sin(A—C) = 2sinAcosC)

= = %(sm(n— B) + sin(A—C) - (sin(m—C) + sin(A—B)))(~
=A+B+0

k
== (sin(B) + sin(A — C) -sin(C) —sin{A — B)) (~ sin(m—0) = sin@)
Rearranging we get

== l%(sin{(f:‘-) -sin(C) + sin(A —C) —sin(A —B))

k _/B—C B+ C
=:-=5(25111( 5 )cos( 5 )
R (A—C—Z(A— B))COS(A— C +2 (A— B)))

( sinA — sinB = 2cos [(A ;_ B) l sin [(A ; B) ])

—kz' (B—C) (B+C)+2, (B—C) 2A—(C + B)
= = 5 s1n 2 Ccos 2 S1I1 > COs 2

B—C B +4C A — (m— A)
=:-=ksm( ) cos( )+cos ———|]J(+m=A+ B+ (C)
2 2 2
B-—C T—A —(m— 34A)
=:-=ksin( ) cos( )+cos ———||](+mt=A+B+ Q)
2 2 2
- can(%5 (o (15) + con(152) - contr - o
= = ksin > COS 5 5 © COS = CO0S
_(B—C A ,
== ksm( > )(s E + 5111—) ( cos( ) = 51118)
A 3A\ /34 A
_ ; — .2 2 2 2
== ksm( ) 2 sin 2 Cos 2

( sinA + sinB = 2Zcos [[:A; B)lsin [(A ;_ B) l)

= = ksin (B 5 C) (25“‘ (ZZ_A) €os @))




[wa]

—C

= = 2ksin

A
((2 5111— cos— ) cos (E)) (~ sin2A = 2sinAcosA)

&

(59 nso(3)

(5 oG-St (2) - ol -5) - )
<

2
B—C) (B-i—C) E(A) . A+B4+C
5 )jcos{——JcosT3 (v = )

]

[=s]

= = 4ksin

]

= = 4ksin

= = 4ksin

Regrouping this we get

= 2k(2sin (7 )eos (7)o (3)
= = s1n 2 Ccos 2 cos 5

(A+ B)

But ( sinA-sinB = 2 cos

= [57))

Hence the above equation becomes,

A
= = 2k(sinB — sin C) cos? (E)

A
= = 2(ksinB — ksinC) cos? (E)
(by applying sine rule)
A
= = 2(b— ¢) cos? (E) = RHS

Hence proved

25. Question

In AABC prove that, if 6 be any angle, thén.b cos 6 = c cos (A-0) + a cos (C + 0)

Answer

Let a, b, c be the sides of any triangle ABC. Then by applying the sine rule, we get
a b C

sinA _ sinB _ sinC

=a=ksinA b=ksinB,c=ksinC

So by considering the RHS of the given equation, we get
RHS = c cos(A - 8) + a cos(C + 0)

Substituting the corresponding values from sine rule, we get

= = k sin C cos(A - 0) + k sin A cos(C + 06)

B k[sin(-ﬁ +A-8) +sin(C—(A-90))
- 2
. sin(C + A + 8) + sin(A— (C + 9))]
2

(= sin(A + B) + sin(A—B) = 2sinAcosB)

== %{{Sill((ﬂ'— B)—E}) + sin(C + 86— A)) + sin[(ﬁ— B) + E})
+sin(—(C+8-A)}(~m=A+B+C)



== %{{Sill(ﬂ'— (B + 0)) + sin(C + 6 —A)) + sin(m— (B—8))
— sin[(C + 06— A))} (~ sin(—8) = —sinB)

k
== E{sin(B + 0) + sin(C + 8 —A)) + sin(B—06) —sin(C + 6 —A)}(
+ sin(m—0) = sin@)

By cancelling like terms we get

== l5{{5111(]3 + 8) + sin(B—8)}

k
== 5{2 sinBcosB} (~ 2sinAcosB = sin(A + B) + sin(A — B))

= =k sin Bcos 0

= = b cos O (from sine rule b = k sin B)

= LHS

Hence proved

26. Question

In a AABC, if sinZ A + sin? B = sin? C, show that the triangle is right angled.
Answer

Let a, b, c be the sides of any triangle ABC. Then by applying the sinerule, we get

a b C

sinA sinB  sinC

a C
= sinA = —,sinB = —,sinC = —.......(i
k k k ®

So by considering the given condition, we get
sin? A + sin2 B = sin? C

Substituting the values from equation (i), we get
ay? by
-@ () -

1
= F(HE + bz)

I
=l 6
SR

=aZ+ b? =c?

This is Pythagoras theorem; hence the given triangle ABC is right - angles triangle
Hence proved

27. Question

In any AABC, if a2, b2, c2 are in A.P., prove that cot A, cot B, and cot C are also in A.P
Answer

Let a, b, c be the sides of any triangle ABC. Then by applying the sine rule, we get

a b C sin A sinB sinC
kor = = =

sin A sinB sinC a b C

= sinA = ak,sinB = bk sinC = ck.......(i)



So by considering the given condition, we get

a2, b2, c2arein AP

Then

b2 - a2 = c2 - b2 (this is the condition for A.P)

Substituting the values from equation (i), we get

= (k sin B)? - (k sin A)2 = (k sin C)? - (k sin B)?

= k? (sin? B - sin? A) = k? (sin? C - sin? B)

=sin (B + A) sin (B - A) = sin (C + B) sin (C - B)

( sin?A - sin?B = sin (A + B) sin (A - B))
=sin(n-C)sin(B-A)=sin(n-A)sin(C-B)(-n=A+B+ ()
= sin (C) sin (B - A) = sin (A) sin (C-B) (~sin(n-0) =sin9)
Shuffling this, we get

sin(B — A) sin(C — B)
= =
sin A sinC

1 sin(B—A)  sin(C—B) 1
X = X
sinB sinA sinC sinB

sinBcosA —cosBsinA sinCcosB —cosCsinB

sinAsinB sinCsinB
(= sin(A— B) = sinA cosB — cosAsinB)

sinBcosA cosBsinA sinCcosB sinBcosC

= — = —
sinAsinB sinAsinB sinCsinB sinAsinB
Canceling the like terms we get

cosA cosB cosB cosC
sinA sinB  sinB sinA

=

A .
But C?SA = cotA, so the abové equation.becomes,
sin

= cotA-cotB=cotB-cotC
Hence cot A, cot B, cot C are in AP
Hence proved

28. Question

The upper part of a tree broken over by the wind makes an angle of 30° with the ground, and the distance
from the root to the point where the top of the tree touches the ground is 15 m. Using sine rule, find the
height of the tree.

Answer



30° B
15m

Let BD be the tree, let A be the point where the tree is broken by the wind.
And according to the given condition,

AD = AC

Now let AB = x and AC =y = AD

So the total height of the treeis AB + AD = x +y

Now in AABC,

£LC = 30°, LB = 90°,

So, LZA=180°-(4LB+ £C)("n=A+ B+ C)

Hence £A = 180° - (90° + 30°) = 60°

Now applying sine rule, we get

BC AC AB
sinA sinB  sinC

Now substituting the values obtained, we get

15 y X
sin60°  sin90°  sin30°

Substituting the corresponding values, we get

15 y

= —— = =
FE
2

b |

152 2%.. (D)
= = = X ... 11
N

So,
15 %2

3]

15x2

Dy
)

15x2
2\.@

=X = = 5v3m

And also from (i),

15 x2
=1 =
N
=y =10v3 m

So the height of the tree is



X+y=5/3+10V3 =15V3m

29. Question

At the foot of a mountain, the elevation of its summit is 45°, after ascending 1000 m towards the mountain
up a slope of 30° inclination, the elevation is found to be 60°. Find the height of the mountain.

Answer

60°

(] "

B
Let AB be the mountain, so the at the foot of a mountain the elevation of its summit is 4%
So, LACB = 45°

Now when moving on the slope of 30° by a distance of 1000m,

i.e., the CD is the distance moved on the slope of 30° towards the mountain,

Hence CD = 1000m........... (i)

And £DCF = 30°

Let EB = FD = x........ (ii)

DE=FB =z...... (iii)

CF=yand AE =t......... (iv)

So after moving 1000m, the elevation becomes 60°,

So LADE = 60°

In ADFC,
DF oppaosite side
5in30° = — ( sing = —)
CD hypotenuse
1 X
=5 = 000 (ﬁ‘om (ii))
=x = h00m...... (iv)
And
tan30° DF ( tan 8 opposite sidE)
o A S adjacent side
1 X
= — = — (from (ii) and (iv)
V3 ¥ ( )
1 500
=— = — (from (iv)
5=y )
Hence y = 500v/3m.....(v)

In AADE,



a1 60° AE ( tan oppaosite side)
an Spe 7T adjacent side
t
5V3 = -
Z
=t =2zv3......... (vi)
In AABC,
tan 45° AB ( tan opposite side)
an S\ T adjacent side
AE + EB
=1 =
CF + FB
t+ X
=1 =
v+ 2z

t+Xx=y+2

=zV3 4+ 500 = 500vV3 + z (from (iv), (v), (vi))
=7v3-z = 500v3-500

=z(V3-1) = 500(v3-1)

=z = 500m...... (vii)

Hence the equation (vi) becomes,
t=2zv3=(500)v3m

Hence the height of the mountain is

AB = AE + EB =t + x = (500v3 + 500)m

So the height of the mountain is 500(v3 + 1)m.
30. Question

A person observes the angle of elevation of the peak of a hill from a station to be a. He walks ¢ meters along
a slope inclined at the angle B and finds.the.angle of elevation of the peak of the hill to be y. Show that the

csinasin(y—p)

height of the peal above the.ground.is .
sin(y—a)

Answer

F
Let AB be the peak of a hill, so the at the station A the elevation of its summit is a°
So, LCAB = «a°
Now when moving on the slope of B° by a distance of ‘c’'m,

i.e., AD is the distance moved on the slope of 3° towards the hill,



Hence AD = 'c'm........... (i)
And £LDAF = 8°

Let EB = FD = x........ (ii)
DE =FB = z....... (iii)
AF=yand CE =t......... (iv)

So after moving ‘c’'m, the elevation becomes y°,

So LCDE = y°
In ADFA,
. DF . opposite side
sinff® = — ( sinf = —)
AD hypotenuse

= sinf = § (from (ii))

=X = (csinf)m..... (iv)
And

tan B° DF ( tan opposite side)
anp® = AF 7 AMY S adjacent side

= tanf = ; [ﬁ'om (ii) and (iv))

sin 3 csin 3

(from (iv))

= =
cosf3

=y = (ccosfB) m.....(v)
In ACDE,

CE

opposite side
tany® = DE ( tanB = PP )

adjacent side

t
= tany = .

=z =tcoty........ (vi)
In ACBA,
; CB ( tan opposite sidE)
anq® = — (v tan = ———
AB adjacent side
; CE + EB
=tana =
t+x
= tana =
y+z
t + csinf
t = ﬁ-‘ I il ] i
= tana Ccosp + tcoty[: om (iv), (v), (vi))

stana (ccosB +tcoty)=t+ csinB
=(ctanacospP+ttanacoty)=t+ csinf
=t-ttan a cot y = ctana cos B-c sin B

=t(1 -tan a cot y ) = c(tan a cos B-sin B )



tan acosf — sinf
=1t = C
1 —tan o coty

sina % o
o cosa cosP —sin
1- sina x COSY
cosa © siny
sinacosP — sinfcosa
St = __cosa
cosasiny — sinacosy
cosasiny
sin(a — )
— 1 i _ — _ -
=1t = SI(y — ) (~ sin(A — B) sinAcosB — cosAsinB)
siny
snwmn(o:— B .
=t = c ) ...... (vii)
sin(y — a)
Now,

AB=AE+EB=t+ x

__(sinysin(a—B) . ‘ . -
AB = c( sin(y — o) ) + csinp {ﬁom (iv)and (vu)}

__(sinysin(a— B) .
AB = ¢ ( sin(y — @) sin B)

(suw sin(a— B) + sinfsin(y — o:))
AB =c
sin(y — a)

AB — (sim{( sinacosf — cosasinfB) + _sinP(sinycosa — cosysin 0:))

= ¢ sin(y— a)

(v sin(A — B) = sinAcosB — cosAsinB)

AB
(sinacosPsiny-cosasin@siny) + (sinycosasinp — cosysinasinf)
=
sin(y — a)

((sina cos Bsiny) — cosysin asin B)
AB =c .
sin(y — a)

sin o (cos P siny — cosy sin )
AB = ¢ ( sin(y — a) )
sin a (sin(y — B))
AB = c( sin(y — a) )

So the height of the hill is ¢ (W)
sin(y—«

Hence proved

31. Question

If the sides a, b, c of a AABC is in H.P., prove that sin-~ i_sing E_Sjngg are in H.P.
“» 3 “»

- — -



Answer

As a, b, cis in HP (given)

So,i,i,iareinAP
abc

Hence

1 1 1 1 .

——— = ———_..(i

b a c b O

Let a, b, c be the sides of any triangle ABC. Then by applying the sine rule, we get

a b C
sinA sinB  sinC

So,a =ksin A, b =ksin B, ¢ = ksin C...(ii)
Substituting equation (ii) in equation (i), we get

1 1 1 1
ksinB ksinA ksinC ksinB

ksinA —ksinB ksinB — ksinC
kZsinBsinA  k2sinCsinB

sinA —sinB sinB —sinC
sinBsinA sinCsinB

A+By . fA—B B+ Cy ., (B—C
=;.12.0:)5( 5 )sm( 5 )_Ecos( 3 )sm( 3 )

sinA sinC

A+ B A—B
( sinA — sinB = 2-:05( 2 )sin( 2 ))

_ Cos (H; C) sin (#) Cos (H; A) sin(B ; C)

. A A . C C
2 smi cosi 2 smi COS 5

(assin2A = 2sinAcosA andm = A+ B +C)

sinc sin (A—_ B) sinA sin (B — C)
2 2 _ 2 2 . T o
= A A = T ¢ (- cos(i—ﬂ) = sin@)
sin cos5 sins cos5

By cross multiplying we get

.C.(A—B).C C ,A,(B—C),A A
=>SII1251I1 2 5in COS?‘ = 511125111 > SN —cCas

2 272
,C (A—B) (m—(A + B))
= 5In 2SlIl 2 CQas >

A (B—C)COS(H—(B + 0

— a2t o
—511125111 > > )(TL’ A+B+ 0

Now, ( cos G — 9) = gin B), so above equation becomes,

= sinzg (sin (A; B) sin ({(A —2I— B)})) = sin’ % (sin (B ; C) sin((B ;r C)) )

A+B A-B A B .
(But sin (%) sin (T) — gin? e sin? E)’ so the above equation becomes,




C A B A B C
PSRl PRS- LRIy Rk NI Rl [P R T R
= SIn 2 (Slll 2 sin 2) sin 2 (Slll 2 sin 2)

C A C B A B A C
f 2 e 2T a2 0 e 27 a2t a2 0 a2t o2
= sin 25111 ) sin 25111 ) sin 25111 ) sin 25111 >

o . . 2C . 3A . 5B
Divide both sides by sin? 551112 Esm2 2 we get

C A C B .2 A B A L SC
R e e Lt R N R 242 2 _ 24 2>
sin-5 sin sin- 5 sin (5111 5 8in° 5 — sin”5 sin 2)

Il Rll) 257 _
i2C 08 0B i2Cs 08 5B
sin? 5 sin? 5 sin? 5 sin? 5 sin? 5 sin 5

C A C B

S s | 2L . 2D

. sin®zsin®;  singsin®s

C A B C A B
in2= sin2=sin2=> sinZ—=sin2=sinZ—~
sin?5 sin®5 sinz  sin® 5 sin® 7 sin? 5

A B A C
24 . 2D L2 Loa b
sin 25111 3 sin 23111 7

C A B C A B
in2=sin22sin2= sin2—sin2=sipnz=
sin®5sinsin?5  sin?5sin? 5 sin 5

Now canceling the like terms we get

1 1 1 1
=1 —_ = —_
sinZ B sinZ A sinZ ¢ sinZ B
2 2 2 2
1 1 1 )
Hence -, ;ar~ .+ .carein AP
SN — SIn“— Sin<—
2 2 2
Therefore,

. 2A . ,B . ,C .
sin®=,sin?—, sin’- are in HP
2 2 2
Hence proved

Exercise 10.2

1. Question

In a AABC, ifa =5, b =6 and.C = 6(0°,show that its area is 15V’§ sqQ. units.

-
pa

Answer

Note: In any AABC we define ‘a’ as length of side opposite to LA, ‘b’ as length of side opposite to £B and ‘c’
as length of side opposite to £C .

Key point to solve the problem:

Area of AABC =§ ab sin @ ,where 8 is the angle between sides BC and AC, a is the length of BC and b is
length of AC

We have,

a=5,b=6and 4£C =60°



.. Area of AABC =§ ¥ b x 6 X sin60°

30 43 153 .
= x == = sq units
2 2 2

1. Question

In a AABC, ifa =5, b =6 and C = 6(°, show that its area is ISVE sg. units.

-

Answer

Note: In any AABC we define ‘a’ as length of side opposite to LA, ‘b’ as length of side opposite to £B and ‘c’
as length of side opposite to £C.

Key point to solve the problem:

Area of AABC =§ absin 8 ,where 0 is the angle between sides BC and AC, a is the length of BC and b is
length of AC

We have,

a=5,b=6and 4ZC = 60°

~. Area of AABC =§ % 5 X 6 X sin 60°

30 43 153 .
= — X —=—— §qunits
2 2 2

2. Question

Ina AABC, if 3 = \/2.b =f3and c = /5y Show that its area is ngsq.units.
X 9

-

Answer

Note: In any AABC we define ‘a’ as length of side opposite to LA, ‘b’ as length of side opposite to £B and ‘c’
as length of side opposite to £C .

Key point to solve the problem:
* Area of AABC = 0.5x(product of any two sides) x( sine of angle between them)

b2 +¢* —a®

2be

¢ |dea of cosine formula: Cos A =

Given g = 2,b = V3 and c =5



.. Cos A = (u‘§}2+[v3}2—{u'§]2 _ 3452 _ 3

2435 2415 Vi3
1 .
" Area of AABC = E besin A

We need to find sin A

As we know that - sin?A = 1 - cos?A {using trigonometric identity}

~sinA = fl_(viﬁf: Jl—%=‘]§

- ar(AABC) = ; % V3 x5 x

43}

V6 s units. ...ans

b |

2. Question

In a AABC, if 5 = \E_b = ﬁandc = VE show that its area is l\/gsq.units.
2

-

Answer

Note: In any AABC we define ‘a’ as length of side opposite to LA, ‘b’ as length.of side opposite to £B and ‘c’
as length of side opposite to £C .

Key point to solve the problem:
* Area of AABC = 0.5x(product of any two sides) x( sine of angle between them)

b2 +¢* —a®

2be

¢ |dea of cosine formula: Cos A =

Given g = 2,b = 3 and ¢ =4/5

.. Cos A = {w‘§}2+{v§}2—{v’5)2 _ 3452 3

2435 2415 Ji5

" Area of AABC = 5 besin A

We need to find sin A

As we know that - sinA = 1 - cos?A {using trigonometric identity}

.'.sinA=JTviﬁ)2=JT%=E

- ar(AABC) = ; X 3 x /5 x

V6 5 units. ...ans

b |

3. Question
The sides of a trianglearea=5,b=6and c =8,
show that: 8 cos A+ 16 cos B + 4 cos C =17

Answer



Note: In any AABC we define ‘a’ as length of side opposite to LA, ‘b’ as length of side opposite to £B and ‘c’
as length of side opposite to £C.

Key point to solve the problem:

Idea of cosine formula in AABC

z,z2__=
oCOSAzu
2be

Z,.2 32
-CosB:M
2ac

z2,.,2_ .2
oCosC:“#
2ac

Aswe havea=5,b=6andc=8

. 62+82-5% 75
. Cos A = s re 7 _ 12
2x8X6 96

2,02 2 o
COSB=J+8 6=.:|3

2%5x8 30
6%+5%-8g%2 -3 1
CosC=272"° _~"°_ _~
2H6X5 60 20

We have to prove:

8cosA+16cosB+4cosC=17

LHS =8 cos A+ 16cosB +4cosC

Putting the values of cos A,.cos B-and cos C in LHS
i_ 75 53 1 o

LHS =8 X —+ 16 X ——4X =t = — - = — = 16.65
96 80 20 12 35 35 60

LHS = RHS

From cosine expressions we have:

96 cosA=75,80cosB=53and20cosC=-1
Adding all we have,

96 cos A + 80 cos B +20 cos C = 75+53-1 = 127
.96 cos A + 80 cos B +20 cos C = 127

Please check it....

3. Question

The sides of a trianglearea=5,b=6and c = 8,
show that: 8 cos A + 16 cos B + 4 cos C = 17

Answer



Note: In any AABC we define ‘a’ as length of side opposite to LA, ‘b’ as length of side opposite to £B and ‘c’
as length of side opposite to £C.

a

Key point to solve the problem:

Idea of cosine formula in AABC

z,z2__=
oCOSAzu
2be

Z,.2 32
-CosB:M
2ac

z2,.,2_ .2
oCosC:“#
2ac

Aswe havea=5,b=6andc=8

. 62+82-5% 75
. Cos A = s re 7 _ 12
2x8X6 96

2,02 2 o
COSB=J+8 6=.:|3

2%5x8 30
6%+5%-8g%2 -3 1
CosC=272"° _~"°_ _~
2H6X5 60 20

We have to prove:

8cosA+16cosB+4cosC=17

LHS =8 cos A+ 16cosB +4cosC

Putting the values of cos A,.cos B-and cos C in LHS

LHS =8X 2+ 16X ——4X—-=—+=—=""=1665
LHS = RHS

From cosine expressions we have:

96 cosA=75,80cosB=53and20cosC=-1

Adding all we have,

96 cos A + 80 cos B +20 cos C = 75+53-1 = 127

.96 cos A + 80 cos B +20 cos C = 127

Please check it....

4. Question

In a AABC, ifa = 18, b = 24, ¢ = 30, find cos A, cos B and cos C.

Answer

Note: In any AABC we define ‘a’ as length of side opposite to LA, ‘b’ as length of side opposite to £B and ‘c’
as length of side opposite to £C.



Key point to solve the problem:

Idea of cosine formula in AABC

A

As we havea =18, b =24 and c =30

. 24%+30%-18% 24
LCosA=2T12 70 =22

2%24%30 30 s
18%430%-24> 18 3
CosB=—>-"7" """ _—~_=
2%18x30 30 s
18%+24%-30% 0
CosC=—"=2"""°"" _ -~ — ¢

2x18x24 864
4. Question
In a AABC, ifa = 18, b = 24, ¢ = 30, find cos A, cos B.and cos C.
Answer

Note: In any AABC we define ‘a’ as length of side opposite to LA, ‘b’ as length of side opposite to ZB and ‘c’
as length of side opposite to £C.

Key point to solve the problem:

Idea of cosine formula in AABC

A




As we havea =18, b =24 and c = 30

. 24%430%-18° 24 4
--COSA=—=—=—
2%24%30 30 s
18%+30%-24% 18 3
CosB=—="7" =~ _“*_°Z
2x18x30 30 5
18%424%30° 0
CosC=—"—""""" _ - _

2x18x24 864
5. Question
For any AABC, show that - b (c cos A - a cos C) = ¢ - a2
Answer

Note: In any AABC we define ‘a’ as length of side opposite to LA, ‘b’ as length of side opposite to £B and ‘c’
as length of side opposite to £C .

A
~

Key point to solve the problem:

Idea of cosine formula in AABC

z,z2__z2
-CosAzu
2be

z,.2 32
OCOSBzu
2Zac

z, 2__2
nCosC:“#
Z2ab

As we have to prove:
b(ccosA-acosC)=c?-a2
As LHS contain bc cos A and ab cos C which can be obtained from cosine formulae.

.. From cosine formula we have:

z,z__z
Cos A = b+ —a”
2bc

2,2 =z
sbccosA=21""%  eqgnl
2
2, 2 =2
AndCosC:M#

2ab

2, 2 2
=»abcosC=>b*a"= | eqn 2
2

Subtracting egn 2 from eqn 1:

B2 +c®—a? bE+a®-c*

2 2

bccosA-abcosC =

= bc cos A-abcosC=c?- a2



~b(ccosA-acosC)=c?-a?.. proved

5. Question

For any AABC, show that - b (c cos A - a cos C) = ¢ - a2
Answer

Note: In any AABC we define ‘a’ as length of side opposite to LA, ‘b’ as length of side opposite to £B and ‘c’
as length of side opposite to £C.

A
A

a
Key point to solve the problem:

Idea of cosine formula in AABC

z,z2__=
oCOSAzu
2be

Z,.2 32
oCosB:M
2ac

z, 2__2
-CosC:“#
Z2ab

As we have to prove:
b(ccosA-acosC)=c?-a2
As LHS contain bc cos A and ab cos C which can be obtained from cosine formulae.

.. From cosine formula we have:

z,z__z
Cos A = b+ —a”
2bc

2,2 =z
sbccosA=2""%  eqgnl
2
2z, 2 2
AndCosC:“#

Z2ab

b? +a%—c?

=>abcosC=T ...... eqn 2

Subtracting egn 2 from eqn 1:

B2 +c®—a? bE+a®-c*

2 2

bccos A-abcosC =

= bc cos A-abcos C=c?- a2

~b(ccosA-acosC)=c?-a?. . proved
6. Question
For any A ABC show that - ¢ (a cos B - b cos A) = a2 - b2

Answer



Note: In any AABC we define ‘a’ as length of side opposite to LA, ‘b’ as length of side opposite to £B and ‘c’
as length of side opposite to £C.

A

d

Key point to solve the problem:

Idea of cosine formula in AABC

z,z2__=
oCOSAzu
2be

Z,.2 32
e Cos B =:E_ii_jL
2ac

z, 2 =2
oCosC:“#
Zab

As we have to prove:
c(acosB-bcosA) =a?-b?
As LHS contain ca cos B and cb cos A which can be obtained from cosine formulae.

.. From cosine formula we have:

Cos A = b +c —a”
2be

s>bccosA=2"  egnl

a5

And Cos B = &-*&°=b*

2ac

-
c*+a“-b*

=accosB=—"—"" ... egn 2

Subtracting egn 1 from eqgn 2:

Z, 2 32 2,2 2
ac cos B-bccos A=5*t2"b" bHc-a
2 2

= ac cos B - bc cos A = g% — p*

~c(acosB-bcosA)=a?-b?..proved

6. Question

For any A ABC show that - ¢ (a cos B - b cos A) = a2 - b2
Answer

Note: In any AABC we define ‘a’ as length of side opposite to LA, ‘b’ as length of side opposite to LB and ‘c’
as length of side opposite to £C .



Key point to solve the problem:

Idea of cosine formula in AABC

z, 2 =
.C05A=w
2be

Z,.2 32
-CosB:M
2ac

z, 2 =2
oCosC:“#
Zab

As we have to prove:
c(acosB-bcosA) =a?-b?
As LHS contain ca cos B and cb cos A which can be obtained from cosine formulae.

.. From cosine formula we have:

CosAzm
2be
s>bccosA=2"  egnl

a5

And Cos B = &-*&=b*

2ac

saccosB=SF4"2 eqn 2

Subtracting egn 1 from eqgn 2:

Z, 2 32 2,2 2
ac cos B-bccosA=C*a b B -a
2 2

= ac cos B - bc cos A = g% — p*

2 _p2 . .proved

LZc(acosB-bcosA)=a
7. Question
For any A ABC show that-

2 (bc cos A + cacos B + abcos C) = a2 + b2 + 2



Answer

Note: In any AABC we define ‘a’ as length of side opposite to LA, ‘b’ as length of side opposite to £B and ‘c’
as length of side opposite to £C .

Key point to solve the problem:

Idea of cosine formula in AABC

z, 2 =
‘COSA=M
2be

2,,.2_32
QCOSBzu
2ac

z, 22
‘COSC=M#
2ab

As we have to prove:
2 (bc cos A + cacos B + abcos C) = a2 + b2 + 2
As LHS contain 2ca cos B, 2ab cos C and 2cb cos:A ,which can be obtained from cosine formulae.

.. From cosine formula we have:

2,2 2
Cos A = b +e"—a”
2be

=2bccos A=p*4+¢c?—qa® ..... egnl

2, 2__=2
Cos C = b +a"—c”
2ab

=2abcosC=ph?+q%—-c?..eqn?2

And, Cos B = ¢ +a’-b?

2ac

=2accosB =¢%+q%—ph* ... eqgn 3
Adding egn 1,2 and 3:-

2bccos A+ 2abcosC+2accosB=c?+ a2 —b2+ b2 +a2 —c*+ b2 +c%—0a*
= 2bc cos A + 2ab cos C + 2ac cos B = ¢% + g2 + p*
= 2(bc cos A + ab cos C + ac cos B) = g% + h? + ¢? ...proved

7. Question

For any A ABC show that-

2 (bc cos A + ca cos B + abcos C) = a2 + b2 + 2



Answer

Note: In any AABC we define ‘a’ as length of side opposite to LA, ‘b’ as length of side opposite to £B and ‘c’

as length of side opposite to £C .
Key point to solve the problem:

Idea of cosine formula in AABC

z, 2 =
‘COSA=M
2be

2,,.2_32
oCosBzu
2ac

z, 22
‘COSC=M#
2ab

As we have to prove:

2 (bc cos A + ca cos B + ab cos C) = a2 + b? + 2

As LHS contain 2ca cos B, 2ab cos C and 2cb cos:A ,which can be obtained from cosine formulae.

.. From cosine formula we have:

2,2 2
Cos A = b +e"—a”
2be

=2bccos A=p*4+¢c?—qa® ..... egnl

2, 2__=2
Cos C = b +a"—c”
2ab

=2abcosC=ph?+q%—-c?..eqn?2

And, Cos B = ¢ +a’-b?

2ac

=2accosB =¢%+q%—ph* ... eqgn 3

Adding egn 1,2 and 3:-

2bccos A+ 2abcosC+2accosB=c?+ a2 —b2+ b2 +a2 —c2+ b2 +c%—0a*

= 2bc cos A + 2ab cos C + 2ac cos B = ¢? + g% + b?

= 2(bc cos A + ab cos C + ac cos B) = g% + h? + ¢? ...proved
8. Question

For any A ABC show that-
(c2-aZ2+b?)tan A= (a?-b2+c?)tanB = (b?-c2 + a?) tan C

Answer



Note: In any AABC we define ‘a’ as length of side opposite to LA, ‘b’ as length of side opposite to £B and ‘c’
as length of side opposite to £C.

The key point to solve the problem:

The idea of cosine formula in AABC

z,z2__z2
-CosA:E
2be

z,.2 32
oCOSBzu
2Zac

z, 2__2
-Cos(::w
Z2ab

The idea of sine formula in AABC

a b c

sin A sin B ginC

As we have to prove:
(c2-a2+b3)tanA=(a2-b%2+c?)tanB = (b?-c2 + a?) tan C
As LHS contain (c? - a2 + b?), (@2 - b2 + c2)and (b2 - c2 + a2),which shows resemblance with cosine formulae.

.. From cosine formula we have:

2,2 2
Cos A = b +e"—a”
2be

= 2bc cos A =p2 + ¢2 — g2
Multiplying with tan A both sides to get the form desired in proof

2bc cos Atan A = (b% + ¢* — a*)tan A
2bcsinA=(b?+c*—a*)tan 4 ..... egqnl

2z, 2 2
Cos C =27t~
2ab

=2abcos C=p2+ g2 — ¢?
Multiplying with tan C both sides to get the form desired in proof

2abcosCtanC = (b2 + g2 £ cz)tan C

2absin C = (b +a% —c*)tan C ... eqgn 2

And, Cos B = ¢ +a’-b?

2ac
= 2ac cos B = ¢2 + g — b2
Multiplying with tan B both sides to get the form desired in proof

2ac cos Btan B = (¢ + a® — b?)tan B
2acsinB = (¢*+a*—-b*)tan B ...... eqn 3

As we are observing that sin terms are being involved so let’s try to use sine formula.

From sine formula we have,

a b c sind sin B sinC
= — _

sin 4 sin B sinC a b c

Multiplying abc to each fraction:-



abcsind abcsinB  abcsinC

a - b - c
= bcsin A=acsinB =absinC
= 2bc sin A = 2acsin B = 2ab sinC
.. From eqn 1, 2 and 3 we have:
(b2 +c?—a®)tan 4 = (¢*+a* —b*)tan B= (b*+a*—c*)tanC
Hence, proved.
8. Question
For any A ABC show that-
(c2-a2+b?)tanA=(a?-b2+c?)tanB = (b?-c2+a?)tanC
Answer

Note: In any AABC we define ‘@’ as length of side opposite to LA, ‘b’ as length of side opposite to LB and ‘c’
as length of side opposite to £C .

The key point to solve the problem:

The idea of cosine formula in AABC

z,z2__=
oCOSAzw
2be

Z,.2 32
oCosB:M
2ac

z, 2__2
'COSC=M7C'
Z2ab

The idea of sine formula in AABC

a b c

sin A sin B ginC

As we have to prove:
(c2-a2+b?)tan A= (a%2-Db%+ c?) tanB =(b%-c2 + a?)tan C
As LHS contain (c? - a2 + b?),4(a% - b2 +.c2)and (b2 - c2 + a2),which shows resemblance with cosine formulae.

.. From cosine formula we have:

z,z__z
Cos A = B +e—a”
2bc

= 2bc cos A =p2 + ¢2 — g
Multiplying with tan A both sides to get the form desired in proof
2bc cos Atan A = (b? +¢? — a?)tan 4

2bcsin A= (p?+c*—a*)tan 4 ..... egqnl

z, 2__2
Cos C = b +a"—c"
Z2ab

= 2ab cos C = p2 + g% — ¢?
Multiplying with tan C both sides to get the form desired in proof

2abcosCtanC = (b2 + q? — cz)tan C

2absinC = (p? +a% —c*)tanC ..... eqgn 2



2,2 _p2
And, Cos B = M
2ac

= 2ac cos B = ¢2 + g% — b2
Multiplying with tan B both sides to get the form desired in proof

2ac cos Btan B = (¢ + a® — b?)tan B
2acsinB = (¢c?+a* —b*)tan B ...... eqn 3

As we are observing that sin terms are being involved so let’s try to use sine formula.

From sine formula we have,

a b c sind sin B sinC
= = =

sind  sinB  sinC a b c
Multiplying abc to each fraction:-

abcsind abcsinB  abcsinC

a - b - c
= bcsin A=acsin B =absinC
= 2bc sin A = 2ac sin B = 2ab sinC
. From eqn 1, 2 and 3 we have:
(b2 +c?—a®)tan 4 = (c*+a* —b*)tan B= (b*+a*—c*)tanC
Hence, proved.
9. Question
For any A ABC show that-
c—-bcosA cosB
b-ccosA cosC

Answer

/|

// ‘

/
£ 4
Note: In any AABC we define ‘a’ as the length of the side opposite to LA, ‘b’ as the length of the side
opposite to £B and ‘c’ as the length of the side opposite to £LC.

Key point to solve the problem:

Idea of projection Formula:

ec=acosB+bcosA
eb=ccosA+acosC
cea=ccosB+bcosC

As we have to prove:

c—bcosAd cosB
b—ccosdA coscC




We can observe that we can get terms c - b cos A and b - c cos A from projection formula
.. from projection formula we have-

c=acosB+bcosA

=>Cc-bcosA=acosB.... eqgnl

Also,

b=ccosA+acosC

=>b-ccosA=acosC... egn 2

Dividing egn 1 by egn 2, we have-

c—bcosd acosB

b—rccos A - acosC

-b A B
= 79997 _ %%° Hence proved.
b—ccosA casC

9. Question

For any A ABC show that-

c—bcosA _ cosB

b-ccosA cosC

Answer

Note: In any AABC we define ‘a’ as the length of the side opposite to ZA, ‘b’ as the length of the side
opposite to £B and ‘c’ as the length'of the side opposite to £C.

Key point to solve the problem:
Idea of projection Formula:
*c=acosB+bcosA

eb=ccosA+acosC

ccosB + bcosC

*a
As we have to prove:

c—bcosd cosB

b—ccosd cosC

We can observe that we can get terms ¢ - b cos A and b - ¢ cos A from projection formula
.. from projection formula we have-

c=acosB+bcosA

=>Cc-bcosA=acosB.... eqgnl

Also,

b=ccosA+acosC



=>b-ccosA=acosC.... egn 2
Dividing egn 1 by egn 2, we have-

c—bcosd acosB

b—rccos A - acosC

cbeosd _ 058 Hence proved.

= =
b—ccosA cosC

10. Question
For any A ABC show that-
a(cosB+cosC-1)+ b(cosC+ cosA-1)+c(cosA+cosB-1)=0

Answer

z'/
Note: In any AABC we define ‘a’ as the length of the side opposite to LA, ‘b’ as the length of the side
opposite to £LB and ‘c’ as the length of the side opposite to £LC.
Key point to solve the problem:

Idea of projection Formula:

ec=acosB+bcosA
eb=ccosA+acosC
cea=ccosB+bcosC

As we have to prove:
a(cosB + cosC-1) + b(cos C + cos A=1) +c(cosA+cosB-1)=0

We can observe that we all the terms present in equation to be proved are also present in expressions of
projection formula ,so we have to apply the formula with slight modification -

.. from projection formula we have-
c=acosB+bcosA
=>bcosA+acosB-c=0..... eqnl
Also,

b=ccosA+acosC
=>CccosA+acosC-b=0..... eqn 2
Also,

a=ccosB+bcosC
=>ccosB+bcosC-a=0.... eqgn 3
Addingegn 1,2 and 3 -

We have,

bcosA+acosB-c+ccosA+acosC-b+ccosB+bcosC-a=0



bcosA-b+bcosC+acosB+acosC-a+ccosA+ccosB-c=0
= b(cosA+cosC-1)+ a(cosB+cosC-1)+c(cosA+cosB-1)=0
Hence,

a(cosB+ cosC-1) + b(cosC+ cosA-1) +c(cosA+cosB-1)=0
....proved

10. Question

For any A ABC show that-

a(cos B+ cosC-1) + b(cosC+ cosA-1) +c(cosA+cosB-1)=0

Answer

Note: In any AABC we define ‘a’ as the length of the side opposite to LA, ‘b’ as the length of the side
opposite to £B and ‘c’ as the length of the side opposite to £LC.

Key point to solve the problem:

Idea of projection Formula:

acosB+ bcosA

*C

eb=ccosA+acosC

cea=ccosB+bcosC
As we have to prove:
a(cosB + cosC-1) + b(cos C + cos/ A=1) +c(cosA+cosB-1)=0

We can observe that we all the terms present in equation to be proved are also present in expressions of
projection formula ,so we have to apply the formula with slight modification -

.. from projection formula we have-
c=acosB+bcosA
=>bcosA+acosB-c=0.... eqnl
Also,

b=ccosA+acosC
=>CccosA+acosC-b=0.... eqn 2
Also,

a=ccosB+bcosC
=>ccosB+bcosC-a=0.... eqgn 3
Addingegn 1,2 and 3 -

We have,

bcosA+acosB-c+ccosA+acosC-b+ccosB+bcosC-a=0



bcosA-b+bcosC+acosB+acosC-a+ccosA+ccosB-c=0
= b(cosA+cosC-1)+ a(cosB+cosC-1)+c(cosA+cosB-1)=0
Hence,

a(cosB+ cosC-1) + b(cosC+ cosA-1) +c(cosA+cosB-1)=0
....proved

11. Question

For any A ABC show that -

Answer

V.

acosA+bcosB+ccosC=2bsinAsinC
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Note: In any AABC we define ‘a’ as the length of the side opposite to ZA,.'b’ as the length of the side
opposite to £B and ‘c’ as the length of the side opposite to £C.

The key point to solve the problem:

The idea of sine Formula:

a b c
L] p— —

sin 4 sin B sinC

As we have to prove:
acosA+bcosB+ ccosC=2bsin AsinC

We can observe that we all the terms present in the equation to be proved are not showing any resemblance
with known formula but the termnis RHS side has sine terms, so there is a possibility that sine formula can
solve our problem

.. from sine formula we have-

a b C
sind sinB sinC

= 2k (say)

~a=2ksinA,b=2ksinB,c=2ksinC

As,

LHS =acosA+bcosB +ccosC

= 2k sin A cos A + 2k sin B cos B + 2k sin C cos C
= k(2sin A cos A + 2sin B cos B + 2sin C cos C

LHS = k( sin 2A + sin 2B + sin 2C) {using 2 sin X cos X = sin 2X }

Using transformation formula - sin X + sin Y = 2 5in (?) Cos (?)
LHS = k ( 2sin(A + B) cos (A - B) + sin 2C)
VLA+ LB+ LC=m

~“A+B=n-C



SLHS =k {2sin(m-C)cos(A-B)+2sinCcosC}
[as sin (m - 8) = sin O]
LHS =k{2sinCcos(A-B)+2sinCcosC}

LHS = 2ksinC{cos(A-B)+cosC}

Using transformation formula - cos X + cos Y = 2 cos (?) Cos (?)

LHS = 2k sin C { 2 cos (ﬁﬂ) cos ('q_j_c) }

LHS = 4k sin C cos (“2) cos (2-22) {~L A+ LB+ LC=n}

LHS = 4k sin Csin Bsin A

2ksinB=b
We have,
LHS = 2b sin Asin C = RHS...... Hence proved.

11. Question
For any A ABC show that -
acosA+bcosB+ ccosC=2bsinAsinC

Answer

i
s
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Note: In any AABC we define ‘a’ as the length of the side opposite to LA, ‘b’ as the length of the side
opposite to £B and ‘c’ as thedength of the side opposite to £C.

The key point to solve the problem:

The idea of sine Formula:

a b c

sin A sin B ginC

As we have to prove:
acosA+bcosB+ccosC=2bsinAsinC

We can observe that we all the terms present in the equation to be proved are not showing any resemblance
with known formula but the term is RHS side has sine terms, so there is a possibility that sine formula can
solve our problem

.. from sine formula we have-

a b C

sin 4 - sinB - sinC = 2k (say)

La=2ksinA,b=2ksinB,c=2ksinC
As,

LHS=acosA+bcosB+ ccosC



= 2k sin A cos A + 2k sin B cos B + 2k sin C cos C
= k(2sin A cos A + 2sin B cos B + 2sin C cos C

LHS = k( sin 2A + sin 2B + sin 2C) {using 2 sin X cos X = sin 2X }

Using transformation formula - sin X + sin Y = 2 sin (?) Cos (?)

LHS = k ( 2sin(A + B) cos (A - B) + sin 2C)

LA+ LB+ LC=m1

~A+B=mn-C

SJLHS =k {2sin(m-C)cos(A-B)+2sinCcosC}
[as sin (1 - 8) = sin 6]

LHS =k{2sinCcos(A-B)+ 2sinCcosC}

LHS = 2ksinC{cos(A-B)+cosC}

Using transformation formula - cos X + cos Y = 2 cos (?) Cos (?)

LHS = 2k sin C { 2 cos (ME_B) cos (A_j_c) }

LHS = 4k sin C cos (“‘;B) cos(@) {“LA+/LB+/LC=n}

LHS = 4k sin C sin B sin A

2ksinB=">b

We have,

LHS = 2b sin A sin C = RHS...... Hence proved.

12. Question
’) y 2 _*'51.
For any A ABC show that - 3~ =(b+c¢)” —4bccos™ —
3

-

Answer

Note: In any AABC we define ‘a’/as the length of the side opposite to LA, ‘b’ as the length of the side
opposite to 4B and ‘c’ as the length of the side opposite to £LC.

The key point to solve the problem:

The idea of cosine formula in AABC
2

-
. CosA:M
2bc

2,,.2_32
«CosB =2*"F
2ac

z, 2 =
oCosC:Mic
Zab

As we have to prove: a? = (b + ¢)? — 4bc r:c:rszg1

The form required to prove contains similar terms as present in cosine formula.
. Cosine formula is the perfect tool for solving the problem.
As we see the expression has bc term so we will apply the formula of cosA

b2 +¢* —a®

2be

As cos A =



= 2bc cos A = b? + 2 - a2

We need (b + ¢ )2 in our proof so adding 2bc both sides -

. 2bc + 2bc cos A = b2 + c2 +2bc - a?

=2bc (1 + cos A) = (b + cy - a2

1 4 cos A = 2cos? (A / 2) { using multiple angle formulae }

na* =(b+c)*—2bc 20032%
=a’=(b+c)?—4bc cosE%1 ..... Hence proved.

12. Question

A
For any A ABC show that - a‘ = (b +c)2 _4bccost =
.

-

Answer

Note: In any AABC we define ‘a’ as the length of the side opposite to LA, ‘b’ as the length of the side
opposite to £LB and ‘c’ as the length of the side opposite to LC.

The key point to solve the problem:

The idea of cosine formula in AABC

2,2 =z
«CosA=2t—a
2be

2,,.2_32
« CosB=2*""F
2ac

z, 22
oCosC:M—C
2ab

As we have to prove: a® = (b +c)* — 4bc coszg

The form required to prove contains similar terms as present in cosine formula.
. Cosine formula is the perfect tool for selving the problem.

As we see the expression has bc term so'we will apply the formula of cosA

b 4e%—a®

2bc

As cos A =

= 2bc cos A = b? + c? - a2

We need (b + ¢ )2 in our proof so adding 2bc both sides -

. 2bc + 2bc cos A = b? + c? +2bc - a2

=2bc (1 + cos A) = (b + c) - a2

w14 cos A=2cos? (A/2){ using multiple angle formulae }

~a? =(b+c)?— 2bc Zr:c:rszg1
=a’=(b+c)?—4bc r:osQ%1 ..... Hence proved.

13. Question

For any A ABC show that -



4| becos”™ —+cacos”

2 A 2B
X By

a—

5 C
+abcos” :J = (a+b+c)?

Answer

Note: In any AABC we define ‘a’ as the length of the side opposite to LA, ‘b’ as the length of the side
opposite to £LB and ‘c’ as the length of the side opposite to LC.

The key point to solve the problem:

The idea of cosine formula in AABC

z, 2 =
‘COSA=M
2be

2,,.2_32
oCOSBzu
2ac

z, 22
‘COSC=M#
2ab

As we have to prove:
4 (bc cos? % + ca cos? g + ab cos? g) = (a+b+c)?

The form required to prove contains similar.terms as present in cosine formula.
. Cosine formula is the perfect tool for solving the problem.
As we see the expression has bc, ac and'ab terms so we will apply the formula of cos A, cos B, and cos C all.

b%+c% —a®

2be

As cos A =

= 2bc cos A = b2 + c2 - a2

We need (b + ¢ )2 in our proof so adding 2bc both sides -

. 2bc + 2bc cos A = b2 + c2 +2bc - a?

=2bc (1 + cosA)=(b+cp-a?

1 + cos A = 2cos? (A / 2) { using multiple angle formulae }

na? =(b+c)?— 2bc Zcoszg
=a*=(b+c)* - 4bccoszg

= 4bccoszg =(b+c)?*—a?..eqnl
Similarly,

4:100032% =(a+c)’—b%....eqn2



C 2
And, 4ab cos? 7:(21 +D) _¢* ...eqn 3

Adding equation 1, 2 and 3 we have -

Jrl)rccr_)s:%+4£icrc-:152?Mabcos2£ :(b+c}2 —a’ +(a+c)2 ~b* +(a+b}2 —c?

- - -

A B C’
4[bcct:)sz?—cact:)szj—abcms::J:a:—b2 +¢? +2be+2ca + 2ab
A B C 2
4[5‘(‘C052 = —t‘ﬂCOSE?—ﬂ'bCOS:?JZ(H—b—t‘} ...Hence proved

13. Question

For any A ABC show that -

a4

A C’
4| becos® = + cacos® — + abcos? —J = (a+b+c)?

2 2 2
Answer

llﬁ\u
V4 ‘ b
J/
4

Note: In any AABC we define ‘a’ as the length of the side opposite to ZA, ‘b’ as the length of the side
opposite to £B and ‘c’ as the length of the side opposite to £C.

The key point to solve the problem:

The idea of cosine formula in/AABC

z,z__z
e Cos A = bt +c"—a”
2bc

z,.2 32
oCOSBzu
2Zac

z, 2__2
-CosC:“#
Z2ab

As we have to prove:
4 (bc cos? % + ca cos? g + ab cos? g) = (a+b+c)?

The form required to prove contains similar terms as present in cosine formula.
. Cosine formula is the perfect tool for solving the problem.
As we see the expression has bc, ac and ab terms so we will apply the formula of cos A, cos B, and cos C all.

b%+c% —a®

2be

As cos A =

= 2bc cos A = b2 + c2 - a2



We need (b + ¢ )2 in our proof so adding 2bc both sides -

. 2bc + 2bc cos A = b2 + c2 +2bc - a?

=2bc (1 + cosA) = (b + cy - a2

1 4 cos A = 2cos? (A / 2) { using multiple angle formulae }

~a* =(b+c)*—2bc Zcoszg
=a*=(b+c)* - 4bccoszg

= 4bccoszg =(b+c)?*—a?..eqnl
Similarly,

4:1000322 =(a+c)?—Db?...eqn2

C 2
And,4abcos® ?:(a +D) —¢* ...eqn3

Adding equation 1, 2 and 3 we have -

4bcc052% +4accos” §+4abc052 ¢ =(b +c}2 —a’ +(a +c)2 ~b* +(a +b)2 —c?

- - -

A B C’
4[bcct:)sz?—cact:)szj—abcms::J:a:—b2 +¢? +2be + 2can2ab
A B C 2
4[5‘(‘C052 = —t‘ﬂCOSE?—ﬂ'bCOS:?JZ(H—b—t‘} ...Hence proved

14. Question

In a A ABC prove that

sin3 A cos (B - C) + sin B cos (C - A) +.sin3.C cos (A - B) = 3 sin Asin B sin C
Answer

The key point to solve the problem:

The idea of sine Formula:

a b ¢
sinA sinB sinC

A __ A4

Idea of projection Formula:
ec=acosB+bcosA

eb=ccosA+acosC

ccosB+ bcosC

*a



As we have to prove:-

sin3 A cos (B - C) + sin3 B cos (C - A) + sin® C cos (A-B) = 3sin Asin Bsin C

as there is no resemblance of above expression with any formula so first we need to simplify the expression

LHS = sin3 A cos (B - C) + sin® B cos (C - A) + sin3 C cos (A - B)

LHS = sin? A sin A cos (B - C) + sin? B sin B cos (C - A) + sin? C sin C cos (A - B)

LHS = sin? A sin{m - (B+C)}cos (B - C) + sin’B sin{m - (A+C)}cos (C - A) + sin?C sin {n - (A + B)} cos (A - B)

LHS = sin2A sin (B+C) cos(B-C) + sin?B sin(A + C)cos(C - A) + sin?C sin(B + C) cos (A - B)

Using the relation sin ( X + Y )cos(X - Y) = sin 2X + sin 2Y , we have -

LHS = sinA (sin 2B + sin 2C) + sin?B (sin 2A + sin 2C) + sin?C (sin 2B + sin 2A)

Using sin 2X = 2sin X cos X , we have -

LHS = sin2A (2sinB cosB + 2sinC cosC) + sin?B (2sinA cosA + 2sinC cosC) + sin?C (2sinBcosB + 2sinA cosA)

Using sine formula we have -

sinA_ sinB _ sinC
a b ¢

=k(say)

~.sinA=ka,sinB=kbandsinC=kc...eqgn1l

Putting the values in LHS:-
LHS = k222 (2kbcos B + 2kccosC) + k?b* (2kacos A + 2keeosC) + ke (2kbcos B+ 2kacos A)

LHS = kab(acosB + becosA) + k’ac(acosC + ccos A) £k be(bcosC + ccosB)
Using projection formula

ec=acosB+bcosA

eb=ccosA+acosC

cea=ccosB+bcosC

We have
LHS = 3 abe + k3 abe + k’abe
= 3k’ abc =3(ka)(kb)(ke) {using eqn 1}

= 3sin A sin Bsin C = RHS ....Hence proved

14. Question

In a A ABC prove that

sin® A cos (B - C) + sin® B cos (C - A) + sin®C cos (A-B) =3sinAsinBsinC
Answer

The key point to solve the problem:

The idea of sine Formula:

a b ¢
sinA sinB sinC




L A4

Idea of projection Formula:

*c=acosB+bcosA

*b=ccosA+acosC

*a=ccosB+bcosC

As we have to prove:-

sin® A cos (B - C) + sin® B cos (C - A) + sin® C cos (A-B) =3sinAsinBsinC

as there is no resemblance of above expression with any formula so first we need to simplify the expression

LHS = sin3 A cos (B - C) + sin® B cos (C - A) + sin3 C cos (A - B)

LHS = sin? A sin A cos (B - C) + sin? B sin B cos (C - A) + sin? C sin C cos (A~ B)

LHS = sin? A sin{n - (B+C)}cos (B - C) + sin’B sin{mn - (A+C)}cos (C - A) #:sin?C sin {rn - (A + B)} cos (A - B)

LHS = sin?A sin (B+C) cos(B-C) + sin?B sin(A + C)cos(C - A) + sin?C sin(B'+ C) cos (A - B)

Using the relation sin ( X + Y )cos(X - Y) = sin 2X + sin 2Y , we have -

LHS = sin?A (sin 2B + sin 2C) + sin®B (sin 2A + sin 2C) + sin’C.(sin 2B + sin 2A)

Using sin 2X = 2sin X cos X, we have -

LHS = sin2A (2sinB cosB + 2sinC cosC) + sin?B (2sinA.cosA + 2sinC cosC) + sin’C (2sinBcosB + 2sinA cosA)

Using sine formula we have -

sinA  sinB _ sinC
a b ¢

=k(say)

~.sin A =ka, sin B =kbandsin‘C =kc...eqgn1l

Putting the values in LHS:-
LHS = k?a®(2kbcosB + 2kccosC) + k*b* (2kacos A + 2kccosC) + k*c? (2kbcos B + 2kacos A)

LHS = k3ab(a cosB+bcosA) —k3ac(a cosC+ccosA) —k3bc(b cosC +ccosB)
Using projection formula

*c=acosB+bcosA

*b=ccosA+acosC

*a=ccosB+bcosC

We have
LHS = 3 abe + k° abe + kabe

= 3k7abe

3(ka)(kb)(ke) {using eqn 1}

= 3sin A sin Bsin C = RHS ....Hence proved



15. Question

b+c c+a a+b cosA cosB  cosC
= = . then prove that = =

12 13 15 2 7 11

In any A ABC,

Answer

§
|
oK Vat

Note: In any AABC we define ‘a’ as the length of the side opposite to LA, ‘b’ as the length of the side
opposite to £B and ‘c’ as the length of the side opposite to LC.

The key point to solve the problem:

The idea of cosine formula in AABC

2 2 2
2be

¥ ¥ ¥

«CosB= @ *¢° —b-
2ac

2 2 2
2ab

COsA B cosB B cosC
2 7 L1

"~ Only cos terms are involved so we will.apply cosine formula to find cos A, cos B, and cos C and we will take
their ratio.

As we have to prove under given conditions.

b+c c¢c+a a+b
12 13 15 (sa%)

“b+c=12k....egqn1l

c+a=13k....eqn?2
a+b=15k....eqn 3

But only above relation is not sufficient to find cosines as k is unknown, either we need to express k in terms
ofa, borcorexpressa, b, cinterms of k. Later part is easier.

- we will find a,b,c in terms of k

Adding egn 1,2 and 3 we have -
2(a+b+c)=40k

“a+ b+ c =20k
sva=20k-(b+c)=20k-12k = 8k
Similarly, b = 20k - (c + a) = 20k - 13k = 7k
And c = 20k - (a + b) = 20k - 15k = 5k



Hence,

b*+ct—a®  49k? +25k* —64k®  10k7 1

Cos A = - - — ==
2be 70k 70k" 7

Cospo @ tc —=b" :64k' —251\-: — 49k~ _ 401{: 1
2ac 80k~ 80k~ 2

cosc o b +at—c” 49k” +64k7 —25k7  88kT 11

2ab 112k> 1k 14
A1 2 711

cosA:cosB:cosC:l:l. : -
7 2 14 14 14 14

~cosA  cosB  cosC
o = = ....Hence proved.

2 7 11
15. Question

b+c c+a a+b cosA  cosB  cosC
= = _ then prove that = = |

12 13 15 2 7 11

In any A ABC,

Answer

Note: In any AABC we define ‘a’ as the length of the side opposite to LA, ‘b’ as the length of the side
opposite to £LB and ‘c’ as the length ©of the side opposite to £LC.

The key point to solve the problem:

The idea of cosine formula in AABC

¥ ¥ ¥

-CosA=b T —a
2be

¥ ¥ ¥

«CosB=2a 7€ -b
2ac

¥ ¥ ¥

-CosC=b Ta —¢
2ab

COSA B cosB B cosC
2 7 11

"~ Only cos terms are involved so we will apply cosine formula to find cos A, cos B, and cos C and we will take
their ratio.

As we have to prove under given conditions.

b+c c+a a+b
= = :k Sd
12 13 15 (say)




“b+c=12k....egnl
c+a=13k....eqn 2
a+b=15k ....eqn 3

But only above relation is not sufficient to find cosines as k is unknown, either we need to express k in terms
of a, borcorexpressa, b, cinterms of k. Later part is easier.

. we will find a,b,c in terms of k

Adding egn 1,2 and 3 we have -
2(a+b+c)=40k

“.a+ b+ c =20k
sva=20k-(b+c)=20k-12k = 8k
Similarly, b = 20k - (c + a) = 20k - 13k = 7k
And c = 20k - (a + b) = 20k - 15k = 5k

Hence,

Cosa D e —a” _49k” —:51\-: —64k” _ 101\-: 1
2be 70k~ 70k" 7

Cosp o &+ —b* 64k’ —Zﬁki — 49K _ 401<i 1
2ac 80k~ 80k~ 2

sco b Fas—c” 49k” +64k” -25k” 88k . 11

2ab 112k2 112k, 4
112 7 M

CDSAZCDSBZCDSC:E:E_ -
72 14 14 M4

cosA cosB  cosC
= = ....Hence proved.

2 7 11

16. Question

Ina A ABC, if LB = 60°, provethat (a+ b+ c)(a-b+ c) = 3ca
Answer
The key point to solve the problem:

The idea of cosine formula in AABC

12 2 2 2 2 12 12 2 2
CosA=" TC @ cosg=9a 7€ =0V cosc=" T3 —C
2be 2ac 2ab

As we havetoprove:(a+b+c)(a-b+c)=3ca
LHS=(a+c+b)(a+c-b)=(a+cl-bZ{using(x+y)x-y)=x-y2}

Now the above expression gives us hint that we need to apply cosine formula as terms has resemblance.

2,2 42
fcosB= d +e-D

2ac

2 2 2

cos60° = &~ ¢ D
2ac



> ») >
Ll _at+ce" -0
2 2ac

. —_ ul ¥ ¥
AC= g Lot —b-

Adding 2bc both sides to get the term present in final term-
~.3ac = aZ + c2 + 2ac - b2

= 3ac = (a + c)? - b?

using (x +y)(x-y)=x-y?, we have -
3ac=(a+c+b)(a+c-b)
Or(a+b+c)(a-b+c)=3ca..Hence proved

16. Question

Ina A ABC, if LB = 60°, prove that(a + b + c) (a-b + ¢) = 3ca
Answer
The key point to solve the problem:

The idea of cosine formula in AABC

12 2 2 2 2 12 12 2 2
CosA= " TC ~8 cosg=8 7€ =0 co5c="2 T8 —C
2be 2ac 2ab

As we havetoprove:(a+b+c)(a-b+c)=3ca
LHS=(a+c+b)(@a+c-b)=(@a+cP-b2{using(x+y)x=y)=xX-y2}

Now the above expression gives us hint that we/meed to apply cosine formula as terms has resemblance.

2,2 12
cosB= A *C -b

2ac
2 2 2
cos60° = 4 7€ -b
2ac

bl yl bl

a-+c”-—b~

I,J||-—l

2ac

72 72 bl

“AC= g% 17 —b-

Adding 2bc both sides to get the term present in final term-
~.3ac =a% + c? + 2ac - b?

= 3ac = (a + c)? - b?

using (x +y )(x-y) =% -y?, we have -
3ac=(a+c+b)(a+c-Db)
Or(a+b+c)(a-b+c)=3ca..Hence proved

17. Question

In a A ABC cos?A + cos? B + cos? C = 1, prove that the triangle is right angled.

Answer



The key point to solve the problem:

The idea of basic trigonometric formulae, i.e. transformation and T - ratios of multiple angles
Given,

cos?A + cos? B + cos? C =1

Multiplying 2 to both sides so that we can change it in Trigonometric ratios of multiple angles so that we can
get the value of angle.

As 2 cos?X = 1 + cos 2X

. 2€0s2A + 2c0s2 B + 2c0s2 C = 2
=>1+cos2A+1+cos2B+1+cos2C=2

= Cc0S 2A + cos 2B + cos 2C =-1

Using, cos 2X + cos 2Y = 2 cos (X + Y) cos (X -Y)

= 2 cos (A + B) cos (A - B) = -1(1 + cos 2C)

As2cos?X =1+ cos2XandA+B+C=mn

We have,

2 cos (- C) cos (A-B) =-2cos? C

-2 cos Ccos (A-B)=-2cos?C {-cos (n-6)=-cos0}
2cosC(cosC+cos(A-B))=0

EithercosC=0= £ C =90°

OrcosC=-cos (A-B)=C =n-(A-B) which is not possibleas'in AABC,A+B+C=mn
- C = 90° is the only satisfied solution.

Hence, A ABC is a right triangle, right angled at-4 C ...proved

17. Question

In a A ABC cos?A + cos? B + cos? C = 1, prove that the triangle is right angled.
Answer

The key point to solve the problem:

The idea of basic trigonometric formulae, i.e. transformation and T - ratios of multiple angles
Given,

cos?A + cos? B + cos? C =1

Multiplying 2 to both sides so that we can change it in Trigonometric ratios of multiple angles so that we can
get the value of angle.

As 2 cos?X = 1 + cos 2X

. 2c052A + 2c0s% B + 2c0s2 C = 2
=>1+cos2A+1+cos2B+1+cos2C=2

= Cc0Ss 2A + cos 2B + cos 2C =-1

Using, cos 2X + cos 2Y = 2 cos (X + Y) cos (X -Y)
= 2 cos (A + B) cos (A - B) = -1(1 + cos 2C)

As2 cos?X=1+cos2XandA+B+C=mn



We have,
2 cos (1 - C) cos (A - B) = -2 cos? C
-2 cos Ccos (A-B) =-2cos?C { cos (n-6)=-cos 6}
2cosC(cosC+cos(A-B))=0
EithercosC =0= £ C = 90°
Or cos C =-cos (A-B)=C =mn- (A-B) which is not possible asin AABC,A+B+C=n
- C = 90° is the only satisfied solution.
Hence, A ABC is a right triangle, right angled at £ C ...proved
18. Question

sin A

2sinB

In a AABC, if cos(C = _ prove that the triangle is isosceles.

Answer
The key point to solve the problem:

To prove a triangle isosceles our task is to show either any two angles equal or two sides equal.

bl yl yl

b-+a° —c*

2ab

Idea of cosine formula - Cos C =

The idea of sine Formula:

a b C

sinA sinB sinC
sin A
2sinB

As it has sin terms involved so that sine formula can work, and cos C is also there so we might need cosine
formula too.

Given, cosC =

Let’s apply sine formula keeping.a target to prove any two sides equal.

Using sine formula we have -

sinA sinB  sinC
a b C

=k(say)

.. sin A = ak and sin B = bk
ak a
2bk 2b

If we apply cosine formula, we will get an equation in terms of sides only that may give us any two sides
equal.

S.cosC =

12 2 2
Using, CosCc= 2> ~& —¢€
2ab
We have,
¥ ¥ ¥
b-+a“—-¢c~ a
2ab 2b

=>b2+a2-c2=a



b2 =2
=>b=c
Hence 2 sides are equal.
. A ABC is isosceles. ....proved
18. Question
sin A
2sinB

In a AABC, if cosC = _ prove that the triangle is isosceles.

Answer
The key point to solve the problem:

To prove a triangle isosceles our task is to show either any two angles equal or two sides equal.

bl 72 72

b-+a- —-c-

2ab

Idea of cosine formula - Cos C =

The idea of sine Formula:

a b C

sinA sinB sinC
sin A
2sinB

Given, cosC =

As it has sin terms involved so that sine formula can work, ahd cos C is also there so we might need cosine

formula too.

Let’'s apply sine formula keeping a target to prove any two sides equal.

Using sine formula we have -

sinA_ sinB _ sinC
a b C

=k(say)

.. sin A = ak and sin B = bk

ak a

LcosC= — = —

2bk 2Db

If we apply cosine formula, we will get an equation in terms of sides only that may give us any two sides
equal.

12 2 2
Using, CosC= 2 —& —¢€
2ab
We have,
¥ ¥ ¥
b-+a“—-c¢c~ a
2ab 2b

=>b?+a’-c?=a

= b2 =2

s>b=c

Hence 2 sides are equal.

. A ABC is isosceles. ....proved



19. Question

Two ships leave a port at the same time. One goes 24 km/hr in the direction N 38° E and other travels 32
km/hr in the direction S 52° E. Find the distance between the ships at the end of 3 hrs.

Answer
The key point to solve the problem:

The idea of cosine formula -

bl 72 bl bl bl ¥ 72 bl 72

b”+a”—¢” ~cp- D7+c”—a”
2ab 2be 2ac

Cos C =

According to the question:

One ship goes in north east direction while other in southeast direction.
After 3 hours ship going in north east will be at a distance

Speed of ship A = 24km/hr

Speed of ship B = 32km/hr

Distance travelled by ship A after 3 hours = 24 x 3 =72 km

Distance travelled by ship B after 3 hours = 32 x 3 = 96 km

We have to find the distance between the ships :

See the figure :

Now in A EFG,
EF is the distance traveled by ship A
And EG is the distance traveled by ship B
we have to find FG,
Applying cosine formula, we have-
EF? + EG? - FG*
2xEF xFG
CosE=Cos90° =0

Cos E =




.. FG? = EF? + EG?

= FG = /72?1 96?
= J14400 =120km

. distance between ships after 3 hours = 120 KM ....ans

19. Question

Two ships leave a port at the same time. One goes 24 km/hr in the direction N 38° E and other travels 32
km/hr in the direction S 52° E. Find the distance between the ships at the end of 3 hrs.

Answer
The key point to solve the problem:

The idea of cosine formula -

¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥
CosC=b Ta ~—-¢ CosA=b T T8 cosp=a TC -b
2ab 2be 2ac

According to the question:

One ship goes in north east direction while other in southeast direction.
After 3 hours ship going in north east will be at a distance

Speed of ship A = 24km/hr

Speed of ship B = 32km/hr

Distance travelled by ship A after 3 hours = 24 x 3 = 72 km

Distance travelled by ship B after 3 hours = 32 X 3 =96 km

We have to find the distance between the ships :

See the figure :

Now in A EFG,
EF is the distance traveled by ship A
And EG is the distance traveled by ship B

we have to find FG,



Applying cosine formula, we have-

EF? +EG? - FG?
2xEF xFG
CosE =Co0s90° =0

CosE =

.. FG? = EF? + EG?

=FG = 7? +96°

= 4/14400 =120km

.. distance between ships after 3 hours = 120 KM ....ans
Very Short Answer

1. Question

Find the area of the triangle AABC in whicha =1, b = 2 and Zc = 60°.
Answer

Given,

a=1, b=2 and £C=60°

By Cosine law,

© aZ+b?*—c?
COS = Zab
1 12427
2 2x1x2
2=1+4-c?
c? =5-2
c? =3
C=w"§
at+b+c
2
1+2+43
N 2
3+\.’§
2

By Heron’s Law,

Area of Triangle,

A= s(s—a)(s—b)(s—0)



A 3443 1++3 V3—-1 3-43
= X X X
2 2 2 2
1
A=-412
gV

A= V3 sg. units
2

2. Question
In a AABC, ifb=+v3,c=1and ZA = 300, find a.
Answer

Given,

c=1, b=v3 and £LA=30°
By Cosine law,

cZ +b?%-3a?

cos(A) = b

V3 12+ (V3)2-a?
2 2x+43x1
3=1+3-a?

a?=1

a=1

3. Question

_ sin B
In a AABC, if cos A =— ».then'show that ¢ = a.
2sm C
Answer
Given,
b
By Sine Law,
a b C
sin(A) sin(B) sin(C)
¢ X sin(B)
~ sin(C)

By Cosine law,



cZ +b?%-3a?

cos(A) = b
¢ x sin(B).,
cos(A) = ¢* + (Ssino) sin(C) )" -
N c sin(B)
Zxcex( sin(C) )
c? x sin(C)% + c? x sin(B)? — a?sin(C)?
cos(A) = sin(C)[:2 )
sin(B
2x (sm[C))
B c? x sin(B)? + (c? —a?)(sin(C))?
cos(A) = 2 % sin(B) x sin{C)
As it given
sin(B)
cos(A) = 2sin(C)
So,
cos(A) = sin(B) c? x sin(B)? + (c? — a?)(sin(C))*

2sin(C) 2 x sin(B) x sin(C)
For the above Equation to be true,

(c? -a? )(sin (C) )? =0

So

(c?-a?)=0

c=a

Hence Proved.

4. Question

In a AABC, if b = 20, c = 21 and sin A= —,.find a.

n |t

Answer

We know,
sinB? + cosf? =1

Given,

sin(A) ==

So

2

cos(A)=1- @)



4
cos(A) = 3

Now by putting cosine law
By Cosine law,
c? +b? —a?
2cb
4 21% + (20) *—a®

5 2x21x20

cos(A) =

a2 =400+441-672

=169

a=13

5. Question

In a AABC, if sin A and sin B are the roots of the equation c?x2 - c(a + b) x + ab = 0, then find £C.

Answer

According to the product of the roots

ab

sinA xsinB =—
Cz

But by sine law we know,

. axsinC
sinA=——-—
and
. b x sin C
sinB=——-—-
C
So,
axsinC bxsinC ab
X =—
C C C
ab x (sinc)? ab
c2 o
Therefore,
(sinC)? =1
So,
sin C=1
C=90°

6. Question
Ina AABC, ifa=8,b=10,c =12 and C = AA, find the value of A.

Answer



Given a=8, b=10,c=12
Now by putting cosine law

By Cosine law,

) c?+b?—3a?
cos(A) = ————
2ch
122 +10%2—-82 3
cos(A) = —————=—

2x10x12 4

3
A=cos! (Z) = 41.40962211

© a?+b%—c?
cos(C)= ———
2ab
(C) 82 +10% — 127
oSt = S x1oxs
1
8
1
C=cos? (—)
8

=82.81924422

Therefore, C=2xA and A=2

7. Question

If the sides of a triangle are proportional/to 2, V6 and v3 - 1, find the measure of its greatest angle.

Answer

Lets say
a = 2x, b=v6x and c=(v3-1)x
where x is any constant
Now by putting cosine law
By Cosine law,
c?+b*—a*

2ch

((vV3—1)x)? + (Vex)? — 2x2
2% (\.’E— 1)xx \.’EX

cos(A) =

cos(A) =



34+1—-2V3+6—4

cos(A) =
(&) 2><(~J§—1)><~JE
2(3—v3)
COSA =
2x(V3-1)x+6
m@(v@—l)
COSA =
(‘v@_ l)>< V"E

1
C0SA=-—==45"
V2

Putting Cosine law for B,

) a®+ c? —b?
CQas = 2ac
(2x)% + ((v/3 - 1)x)? — (V6x)?
cos(B) =
2x (V3—-1)xx2x
4+3+1-2V3-6
cos(B) = h
2x(V3—-1)x2
2(1—+v3)
cosB =

2x(V3-1)x2

cosB=—
2

B=120°

Putting Cosine law for C,

© a?+b%—c?
cos(C) = 2ab
(2){)2 + [:V'EX)E—((\.@— 1 )X)z
cos(C) =
2 X \,@x X 2X
4+6—-3—1+2V3
cos(C) = v

2 %x16x%2

2V3(V3+1)

caosC =
2x2x%x\6
\."5-1-1
cosC =
2\-@
C = 15"

So, The largest Angle is 120° i.e. ZB

8. Question

cos A _Cos B B cosC
a b C

Ifin a AABC, . then find the measures of angles A, B, C.

Answer



According to sine law,

a b C
sin(A) - sin(B) - sin(C) =K
So,
a = K x sin(A)
b = K x sin(B)
¢ =K x sin(C)

Substituting in the given equation,

cosA cosB cosC
kxsinA kxsinB kxsinC

cosA cosB cosC
sinA sinB  sinC

cot A= cot B=cot C
Or

tan A=tan B=tan C
Which implies
A=B=C

And we know
A+B+C=180°

So,

A=B=C=60°

9. Question

In any triangle ABC, find the value of a sin (B - C) + b sin (C - A) + c sin (A - B).

Answer

Lets consider a equilateral as it is given any triangle,
So Here,

A=B=C=60°

Which implies

sin (B - C)=sin (60-60)

sin 0=0



sin (C-A)=sin(60-60)

sin 0=0

sin (A-B)=sin (60-60)

sin 0=0

Therefore,

The Equation will be,

a sin (B - C)+ b sin (C-A)+ csin (A-B)

a sin 0+ b sin 0+ ¢ sin 0=0

10. Question

In any AABC, find the value of ¥ a (sin B - sin C)

Answer

a(sinB —sinC) + b(sinC — sinA) + c(sinA — sinB)
a(sinB - sinC) + b(sinC - sinA) + c(sinA - sinB)

We know,

By Sine law,

a b . K
sin(A) sin(B) sin(C)

a(Kb-Kc)+b(Kc-Ka)+c(Ka-Kb)
K(ab-ac+bc-ab+ac-bc)=0

MCQ

1. Question

Mark the Correct alternative in the following:
In any AABC, z a’(sin B—sin C)=

A. a2 +b? + c?

B. a?

C. b2

D.0

Answer




a2(sin B - sin C) + b(sin C - sin A) + c(sin A - sin B)
a2sinB - aZsinC + b?sinC - b2?sinA + c2sinA - c2sinB
a2sinB - c2sinB + b2sinC - aZsinC + c2sinA - b2sinA
(a2 - c?)sin B + (b? - a®)sin C + (c? - b?)sin A

By Sine law,

a b o 1
sin(A) sin(B) sin(C) k

(a2 - c2)bk + (b2 - a?)ck + (c? - b2)ak
aZbk - c2bk + b2ck - a2ck + c2ak - b2ak
Considering it as equilateral,

a=b=c

aZbk - c2bk + b2ck - a2ck + c2ak - b2ak=0
Option D

2. Question

Mark the Correct alternative in the following:

Ina AABC, ifa =2, ZB =60°and £C = 75°, then b =
A f3

B. /6

C. \/E)

D. 1—‘\)6

Answer

LA = 180-(60+75) = 45°

By Sine law,

a b C %
sin(A) sin(B)  sin(C)

2 b C K
sin(45) sin(60) sin(C)

2x\V3x2
b = =
2

Option B

3. Question

Mark the Correct alternative in the following:



In the sides of triangle are in the ratio 1 - \E -2 then the measure of its greatest angle is

A.

oA

2| A | A

[
=

(Y]

Answer

By Cosine law,

) c? +b?—3a?
cos(A) = ——
2ch
(2x)% + (V3x)? — 1x?
cos(A) =
2 X (2)x x/3x
4+3-1
cos(A) = ————
&) 2% 2x43
=
v3
COSA=—
2
A=30°

Putting Cosine law for B,

) aZ+ c? —b?
cos(B) = e
(1x)% + (2x)? — (V3x)?
cos(B) =
2x (1)xx2x
2
B)= ———
cos(B) = 5312
B 1
cosB =
B=60°

Putting Cosine law for C,

© = a’+b?—c?
Ccos = 23b

1x)% + (V3x)*—(2x)*
cos(C) = (1x)” + (v3x)"—(2x)

Zx\.@xx 1x



1+3—4

cos(C) = m
cosC = L

243
C=90°

So, The largest Angle is £C i.e. 90° org.
Option C

4. Question

Mark the Correct alternative in the following:

In any AABC, (bc cos A + cacosB + ab cos C) =

A. abc
B.a+b+c
C.ﬂ+b —c
2
1 1 1
a b’
Answer

b

By Cosine law,

a®+b%-c?

2ab

cZ+b%-

2ch

a%+c?-b®

a®
and =
cos(B) —

cos(A) = and cos(C) =

So0,ATQ

bccosA+ cacosB + abceosC
c?+b?—-a? aZ+c?—Db?
=lbcx—— |+|cax ——

2ch 2ac
- aZ+b?2—-c?
abx ———
2ab
cZ+b%?—a?+a?+c?—b%+a?+b%—-c?
B 2
aZ+b?—c?
B 2
Option C

5. Question

Mark the Correct alternative in the following:
In a triangle ABC, a = 4, b = 3, LA = 60° then c is a roof of the equation
A.c2-3c-7=0

B.c24+3c+7=0



C.c2-3c+7=0
D.c2+3c-7=0

Answer

We know by cosine law,

) c? +b%—a?
COS = Zcb
1 c®+37—47
2 2xcx3
c?+9-16
IXcC

3c=c2-7

c?-3¢-7=0

Option C

6. Question

Mark the Correct alternative in the following:

In a AABC, if (c + a + b) (a + b - ¢) = ab, then the measure of angle C is

A.

W | A

oA

d

-

Lad

2| A

Answer

ac+bc-c2+a2+ab-ac+ab+ b?-bc-ab=0
-2+ aZ+ab+b%2=0
al+b?2-c2=-ab

By Cosine law,



af+b?—c*
cos(C) = — 45—

—ab
cos(C) = 2ab

cosC= —
2

C = 120° 2m
B T3

Option C
7. Question

Mark the Correct alternative in the following:

A—B—CJ

In any AABC, the value of 2ac Sin[ is

A. a2 + b? - 2
B. c2 + a2 - b?
C.b2-c2- a2
D. c2 - a2 - b?

Answer

b

A+B+C=180°

 A-B+C
2ac x sin(————

TII—?.B)

2ac X sin (
2

T
2ac X sin (E — B)
2ac x cosB

But We Know,

a?+c? —b?

cos(B) =
(B) 2ac
So the equation will be,

aZ+ ¢ —b?

Zacx ———
2ac

aZ+c2-b? = c2+a2-b?

Option B

8. Question

Mark the Correct alternative in the following:



In any AABC, a (b cos C-ccosB) =
A. a2

B. b2 - 2

C.0

D. b? + 2

Answer

a(bcosC- ccosB) = abcosC— accosB

we know by Cosine Law,

a®4+h2—c?

2ab

z, 2 12
cos(B) = % and cos(C) =

2ab

aZ+ b? —¢? aZ+c? —b?
—_— |- (acX ——
( Zac

abcosC—accosB = (ab X

a?+b%?—c?—a?—-c?+b?
— bE_CE
2

Option B
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