Inverse Trigonometric
Functions

5.1 INVERSE FUNCTIONS

To learn the concept of inverse function, consider the following examples:
(1) Let f be the function defined by f(x) =2 x - 3
iLe. y=f() =2x-3 D;=Rand R, =R,

. . +
On expressing x in terms of y, we get x = yT3

We observe that for each y in R there exist§ia uniiquewin R such that

y = f(x) = 2x - 3. The rule which associates tg each ¥’ R, a unique x € D; defines a new
function (called ‘f” inverse).

Note that the given function has thé fellowing two properties :
() No two elements of Df afe associated to the same element in Rf i.e. fis one-one.
(if) For every y € Ry, there éxistsia-number x in D; such that f(x) = y i.e f is onto.
(2) Let f be the function defined by f(x) = x? i.e. y = f(x) = x%

Df ="R and R, = the set of non- negative reals.
On expressing-inf teems™of y, we get x = + Jy. (D)

We observe that corresponding to any y > 0, there are two values of x, therefore, (i) does
not define x as a function of y. In fact, the function f is not one-one, and for this reason we
cannot express x as a function of y.

From examples (1) and (2), we observe that only one-one functions have inverse
functions. This leads to :

Let f be a one-one function with domain Dy and range Ry then a function g : Ri— Dj defined by
g (y) = x where f(x) = y is called inverse of f, denoted by f=! (read as f inverse).

Thus, a function f is inversible (or invertible) iff f is one-one.

Remarks
1. Let a real function f: Dy — R, where D; = domain of f and R; = range of f, be
invertible, then f~ : R, — Dy is given by f' (y) = x iff y = f(x) for all x € D, and
y € R;. Thus, the roles of x and y are just interchanged during the transition from

fio f1
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{(x, y) :y=f(x), forall x e Df} and

graph of f' = {(y, x) : x = f1(y), for all y € Ry}.
Thus, (x, y) € graph of fiff (y, x) € graph of f!

In fact, graph of f

The point (y, x) is the reflection of the point (x, y) in the line y = x, therefore, the graph
of f~! can be obtained from the graph of f by reflecting it through the line y = x.

2. It often happens that a given function f may not be one-one in the whole of its
domain, but when we restrict it to a part of the domain, it may be so, If a function is
one-one on a part of its domain, it is said to be inversible on that part only. If a function
is inversible in several parts of its domain, it is said to have an inverse in each of these
parts.

5.2 INVERSE TRIGONOMETRIC FUNCTIONS

1. Inverse sine function
Consider the sine function f defined by f(x) = sin x, D; = R, R, = [-1, 1].
Table for the graph of f:

X P B, 2 2 I O T YO L N U 2 o Ve
6 3 2 3 6 6 3 2 3 2
1| 43 V3|1 1 [V3 81
S e I ISy p - |2 R A I

y 0 2 2 2 2 0 2 2 < 2 2 0

Note that the horiZémntal line y = % meets its graph in many points, so f is not one-one.

But if we restrict the domain from — g to g, both inclusive, we observe that in this part of

the domain f is one-one. Therefore, the function y = f(x) = sin x with D, = [— g, g] and
sz [~ 1, 1] has an inverse function called the inverse sine function or the arc sine function,
denoted by sin~!. Thus,
y=sinlxiffx=sinyand y € [—g, ﬂ
It has the following properties :
(i) Domain of sin! x is [-1, 1]
. . n =
and its range is [_E' E]'
(1) sin (sin™! x) = x, for

xe [-1,1]ie I x| <1.
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(iii) sin™! (sin y) =y, for AY
ST I
n T . T 1
_rr <I
ye[z,z]l.e. Iyl_z. !
|
|
(1v) sint: [-1, 1] = [—E, E] Pl [
22 X @) L
is strictly increasing and is one-one. !
The graph of sin™! x is shown in fig. 5.2. !
T
vV 2
Remarks Fig. 5.2.

1. Besides [—g g}, there exist other intervals where the sine function is one-one and

hence has an inverse function but here sin™! x shall always mean the function
e B T
sin! : [ 1,1]—)[ 2,2}
defined above (unless stated otherwise). The portion of the curve for which

- g <y < g is known as the principal value branch of ghe function y = sin! x

and these values of y are known as the principal values“ofythe function y = sin™! x.
2. The graph of sin™! function can be obtained Y,

from the graph of the original function by

interchanging the roles of x and y ie. if

(a, b) is a point on the graph of sine

function, then (b, 4a) becomes 4 the

corresponding point on the graph™ ef <

inverse sine function. The graph of“sin™ X

function is the mirror image along“theyline

y = x of the corresponding eriginal

function. This can be visualised by looking

the graphs of y = sin x andyy =sin™ x in the Y’V

same axes as shown inffig:'5.3. Fig. 5.3.

x Vv

3. It may be noted that besides [—% %}, there exist other intervals such as [% 3771,

{37“ STR], [—%‘, — %} etc. where the sine function is one-one and hence has an inverse

function. Thus, the range of other branches are [g BTR] [37“ 5771 [_3_n, - E} etc.
2. Inverse cosine function
Consider the cosine function f defined by
f(x) = cos x, Df= R and Rf: [-1, 1].

A portion of the graph of cos x is shown in fig. 5.4.
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Clearly, f is not one-one but if we restrict the domain to [0, «t], f is one-one and so it has
an inverse function called the inverse cosine function or the arc cosine function, denoted
by cos™!. Thus,

y =costxiffx = cos y and y € [0, m]. YA
It has the following properties :
(1) Domain of cos™! x is [-1, 1]
and its range is [0, n].
(ii) cos (cos™! x) = x,

forxe [-1,1]ie. I x| <1.

(iii) cos™ (cos y) =y, for y € [0, w].

(iv) cos™':[-1, 1] = [0, n] is strictly
decreasing and is one-one.
The graph of cos™! x is shown in fig. 5.5.

The portion of the curve for which 0 <y < n is known as the prineipal value branch of
the function y = cos™' x and these values of y are known as theprincipal values of the
function y = cos™! x.

Remark. Note that the range of other branches of cos™{x are %, 2n], [2r, 3x], [-=, 0] etc.

3. Inverse tangent function

Consider the tangent function f defined by Y : :
f(x) = tan x, D; = R except odd multiples of : : :
| | |
g and R, = R. i i i
A portion of the graph of tan x is shotwm in : : :
f. 5.6. X < | | S
"8 Clearly, f s not one-one but prict 2 e ST ox
y, f is not one-one budhyif we, restric 21 21 !
the domain to (—E, E), f is one-ongyand so it : : :
2°2 I I I
| | |
has an inverse function (called the inverse ! . ! !
tangent function op thesare tangent function, - Y ' '
denoted by tan-!. Thus, Fig. 5.6.
y=tan ' x iff x =tan y and y € (—g, gj
It has the following properties :
(/) Domain of tan™! x is R and its range is (—g, g)
. Y
(71)) tan (tan'! x) = x, x € R. A
T
(iti) tan! (tany) =y, y € (—gg) 2
(iv) tan”!: R — (—g gj is strictly increasing and . R
is one-one. X © X
. 1 -
A portion of the graph of tan™! x is shown in fig. 5.7.  .===C--___ lm oo
The portion of the curve for which - g <y< g is 2, v
known as the principal value branch of the function Fig. 5.7.

y = tan’! x and these values of y are known as the
principal values.
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4. Inverse cotangent function : Y, :
Consider the cotangent function f defined : :
by f(x) = cot x, D; = R except even | !
| |
multiples of g and Ry = R. i i
A portion of the graph of cot x is shown is fig. 5.8. . | L
Clearly, f is not one-onme but if we restrict the -7 ; _T\ O I LTI
domain to (0, 7 ), f is one-one and so it has an inverse : 2 2 :
function called inverse cotangent function or arc : :
cotangent function, denoted by cot 1. Thus, : :
y = cot 1 x iff x = cot y and y € (0, n). : % :
It has the following properties : Fig. 5.8
(i) Domain of cot ! x is R and its range is (0, 7). o
(71) cot (cot'x) =x,x e R. YA
(iii) cot! (coty) =y, y € (0, m). .
(iv) cot™': R — (0, m) is strictly decreasing and is ~ ‘=z=-------F----------
one-one. \
A portion of the graph of cot™! x is shown in .
fig. 5.9. ~ \
The portion of the curve for which 0 <y < =« < N
is known as the principal value branch of the function X’ oy., X
y = cot™! x and these values of y are known as the v
principal values. Fig. 5.9.
5. Inverse secant function
Consider the function f defined by f(x) £sec %,
D; = R except odd multiples of g and
Ry = (oo, ~1] U1, o). O |
A portion of the graph of secmis shown in [ [ |
fig. 5.10. | i |
Clearly, f is not one-one bubyif ‘we restrict the E i E
domain to [0, E) U (E, n}, fids one-one and so it has x'< : 1 | ) : >
2 2 _m o = n 131 X
an inverse functionycalled inverse secant function or 2! -1r 21 L
arc secant function, denoted by sec™. Thus, ! ! !
y = sec’! x iff x = seey and ! ! !
T i 1 \ 4 1 I
y € [0, —j U (—,n}. .
2 2 Fig. 5.10.

It has the following properties :

(1) Domain of sec™! x is (—eo , =1] U [1, =) and its range is [O, g) U (g,n}.

(1) sec (secl x) =x, for | x| > 1.

(iii) secl(secy) =y, ye (0, n), y # g

(iv) sec™! x is strictly increasing (piecewise) and is one-one.

The portion of the curve for which0 <y <n,y = g, is known as the principal value

branch of the function y = sec! x and these values of y are called the principal values.

6. Inverse cosecant function
Consider the function f defined by

f(x) = cosec x, Df= R except even multiples of g and Rf = (=00, =1] U1, o0).
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A portion of the graph of cosec x is shown

in fig. 5.11.

Clearly, f is not one-one but if we restrict

the domain to [—%,0) U (O, g}, f is one-one

and so it has an inverse function called
inverse cosecant function or arc cosecant
function, denoted by cosec™!. Thus,

y = cosec’! x iff x = cosec y,

y e [—g,o) U (0, g]

It has the following properties :

(/) Domain of cosec™ x is (e, —1] U [1, =) and its range is [— g , Oj U (O,

(i1) cosec (cosec! x) = x, for | x| > 1.

(iti) cosec! (cosecy) =y ;y € [—g g}, y#0.

UNDERSTANDING ISC MATHEMATICS-XII

1 Yg\ I
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-7 40 = amoX

I 2 !

| |
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| 1
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! vV !

Fig. 5.11.

]

(iv) cosec™! x is strictly decreasing (piecewise) and is one-one:

The portion of the curve for which — g Sy<

5.3 SOME IMPORTANT RESULTS

1. sint x + cos™! x = %, x| <1.

2. tant x + cotL x = %, x e R

3. sec™! x + cosec™! x = %, [>T

4. tan~! x + tan~1 y = tan’! (lxjx];), xy <1

9]

LtanTl x —tan 1y = tap!

6. (i) sin 1 x = cosil \1—x2,
(11) cos™! x = sin”! y1—-x2,

(@) tan! [

0<x<1
0<x <1

=sintx lxl <1
1-x

(ii) tan-! [—“ - ]

=coslx 0<x<1.

o]

S| ( 2x
. Sin
1+

xzj =2tantx, Ixl <1.

—_ 52
9. cos! G+i2j =2tanLx x=0.
10. tan 1 (1 2o ) =2 tan T x 1x1 <1

11. cosec! x = sin! GJ, x| > 1.

12. sec 1 x = cos! G), x| >1.

T

7Y

# 0, isgknown as the principal value

branch of the function y = cosec’! x and these values of 4/ ‘are kmown as principal values.
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1
tan™! =, x>0

13. cotl x = X

1
w+tan' =, x <0
X

14. cos (sin! x) = sin (cos™! x) = N1-x2, lx| <1.

15. (i) sin”! (-x) = —sint x, Ix| <1 (ii) cost(-=x) = —cost x, Ix| <1
(iii) tan™! (~x) = —tan"' x, x € R (iv) cot! (~x) =m—cotlx, x € R
(v) cosec! (-x) = —cosec! x, x| =1 (vi) sec!(-x) =m—-sec!x Ixl >1.

16. For suitable values of x and y

(i) sint x + sin~ly =sin! (x\/l—y2 +y\/1—x2)
(it) sin™t x —sin”! y = sin! (x\/l—yz —y«/l—xz)
(iti) cos ™1 x + cos ! y = cos! (xy—\/l—x2 4/1—]/2)
(iv) cos™ x — cos™! y = cos~! (ch+\/1—x2 1ll—yz).

Proof 1. Let sin”! x = y = x = sin y = x = cos (g_yj

1,=T _ 1y =T _gipl
= COS X > y:>COS X 5 sSin - X

. T
= sin!x+costx= 5 x| <1.

(It may be noted that when y = sin~L#an@ yi8.a principal value then - g <y Sg
:}E>_y2_E:> E+EZE_yZE_E
2 2 2 2 2 2 2

= nzg—yZO:Osg—ySn

T . .. 1
= S -yisa principal‘value of cos! x.)

2. Let tan”! x = y = x = tamy ="x = cot (g—yj

= cot‘lx:g—y:cot‘lx: g—tan‘lx

T
= tan! x + cot™Fx = 5

3. Left as an exercise for the reader.
4. Lettan' x =aand tan! y = = x =tan a and y = tan B.

tano +tanfp _ x+y

t +tP)=
Now tan (o + B) l-tanotanf 1-xy

+B=tan-! [XHY
= o+ B =tan (1—xy

= tan! x + tan~! y = tan! (u]
1-xy

It may be noted that when o = tan™! x, p = tan~! y, then

o<l —E<B<E
2 27 2 2"

sin o sin B

<1
cos o cos B3

Givenxy<l=tanatanBf <1 =
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Butcosacos|3>0because—g<oc< g:cosoc>0and—g<[3< g = cos > 0.
. sin o sin B < cos o0 cos B = 0 < cos a cos B — sin o sin
= 0<cos(a+P)=>cos(x+B)>0 = —g<oc+[3< g)
Remark.If x y > 1, then tan”' x + tan' y = 7 + tan ! fﬁ
5. Left as an exercise for the reader.

6. (i) Letsin‘lx:y:>x:siny;a30£xgl,OSyS%

V1-x2 = \/1—sin2y =\/coszy = lcos yl = cos y

('.‘OSyS%:cosyZO: lcos y| = cos y)
= y = cosTy1—x? (v0<y< %)
= sin! x = cos 1 y1-x2.

T

(i1) Letcos‘lx:y:x=cosy;asOSxS1,0Sy£E

V1-x2 = \/1—coszy :\/sinzy = Isin yl"= sy

('.'0Sy£%:>siny20:> Isin y| = sin y)

= y = sinTy1-x? (c0<y< %)
= cos™ x = sin1+/1—x2.

7. (i)Letx:siny:y:sin‘lx,—g<y<% (v Ixl <1)
V1-2x2 :\/1—sin2y :\/cos2y = lcos yl =cos y ('.'—%<y<%:>cosy>0j

= tan‘l[ X = sin™! x.
\ll—sz
(i) Let x = cos y :>y:cos‘1x,0Sy<% (0<x<1)

V1-x2 = [1-cos?y = Jsin2y = Isinyl| =siny (- OSy<% = sin y > 0)

[\/1—3(2 ]  tan-! [siny
x

cosy

tan~! ] =tan! (tan y) = y

= tan’! [ = cos™! x.

V1-2x2 J

X

8. Lettan' x =y => x

tan y; as |x| Sl,—%ﬁyﬁ%.
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10.

11.

12.

13.

2tany 2x

— = 5 =>2y=sin—1( 2x2)
l-tany 1-x 1-x

Now sin 2y =

— 2 tan-! x = sin![ —2*_|.
1-x2

Left as an exercise for the reader.

On taking y = x in result 4, we get

-1 xX+x

tan~! x + tan~! x = tan
1-—x.x

= 2 tan! x = tan! ( 2x )
1-—x?

Letcosec‘1x=y,—§SyS%,y¢O

1 1
cosec iy = — =
X  cosecy

= X

1 .
= — =sin
. Yy

= y=sin’! % (-

oA

T
Sysz,y;tO)
1oy il 1
= cosec! x =sin! =, [x| > 1.
X

Letsec‘lxzy,OSySn,y;t%

sec Yy = l_ L = l = COs
Y x  secy x Y

= X

:y:COS_lé ('.'OSySn,y;t%)

1
= sec!x=cos?t —, Ix| 21.
X

When x > 0
Letcot‘1x=y,asx>0,0<y<g
1. 1 1
= x=coty=== = — =tany
X\ coty x
:>y=tarr1l ('.'O<y<§)
= cot! x = tan’! l,x>0.
X
When x < 0
Letcot‘lx:y,asx<0,%<y<n.
Now%<y<n:—%<y—n<0.
1o~ _ 1_ 1
ot x=y=>x=coty = ==
x coty
= l=tar1y=—tar1(n—y):tan(y—n:)
X
:y—n:tan—ll (‘.’—%<y—n<0)
X

1
= cotlx=mn+tan?! —, x <O.
X
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14.

15.

16.

Note. Here IxI <1, lyl < 1Tifxy<O0orifxy>0and x?+1y2<1.

UNDERSTANDING ISC MATHEMATICS - XII

r
2
Clearly for this value of y, cos y > 0,

Let sin"' x =y, —

cos y = y1-sin2y = V1-x2

= cos (sin™! x) = V1-2x2

Now, let coslx =t 0<t<m

= x=cost0<t<T.

Clearly, for this value of t, sin t 2 0,

sin t = \1—cos?t =+/1—x2
= sin (cos™! x) = V1 - x2
From (i) and (ii), we get
cos (sin~! x) = sin (cos! x) = v1—-x2, lx| < 1.

(i)Letsin‘1x=y:>x=siny,—§SySg

. T T

= -x=-siny, - 2-y=2- =

Y 2 Y 2

. T T

= -x=sin(-y), —-=<-y< =

Cy) -3 <-y<3

= sin! (-x) = -y

= sin™l (-x) = -sinlx x| <1.

(if) Let cos'x =y => x =cos y, 0 < y&n

= -x=-cosy, 0=2-y=2-mie n=m—1=0
=>-x=cos(m-y), 0<SnT—y SN

= cost(-x)=mn-y

= cos! (-x) = — cost b 1.

(iii) The proofs of the other, parts are left as exercises for the reader.

(i) Let sinlx = o and sin"yp="p
= x = sin o and y #%in B

. cos o0 = vl —sin?w=A~1- x2

and cos B = 12sin? B = 1-y2.
Now, sin (o0 + B)= sin o cos B + cos o sin

=x{yl-y?+~v1-22y

= o+ B =sin’! (x\;‘/l—y2 + le—xz)

= sin”l x + sin™! y = sin! (xv"l —y2+yV1- xz).

(1) Left as an exercise for the reader.
(iii) Let cos™' x = oo and cos~1 y = B
= x = cos o and y = cos P.

. sin o = V1-cos2a = 1-x2

and sin B = \1-cos?B = 1-12.
Now, cos (o + B) = cos o cos B — sin o sin

=xy - V1-x21-y2

T . T T
SySE:x=smy,—§SySE.

()

...(i0)
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= o+ P =cos! (xy—«/l—xzﬂ/l—yZ)
= cos! x + cos~! y = cos! (xy— V1-x21- yz).

(iv) Left as an exercise for the reader.

ILLUSTRATIVE EXAMPLES
Example 1. Find the principal values of :

(i) cos™ [g] (ii) cot™! (4/3) (iii) cosec! (/2).

Solution. (i) Let cos™! [g] =x,0<x<Tm
V3

T
= COSJCZT:>COSX=COSE

= x=£:>cos—1£:
6 2

r
-
(i)) Let cot 1 ({3) =x, 0 <x <™

= cotx=«/§:>cotx=cot%

oA

= x:%:cot—1(ﬁ)

(iii) Let cosec™! (42) = x, —% <x < %, x#0

L
= cosec x = \/7 = cosecC x = cosec Z

4
Example 2. Find the principal”valies of :

(i) sin™! [—g] (ii)ssec:l (=2) (iii) cot! (-1).

= x=%=>cosec‘1 (V2) = %

Solution. (i) Let sin’! L V8| x, —L<x<X
2 2 2
. J3 . .on . . T
= sin x = - XX ='sin x = — sin — = sin x = sin| ——
2 3 3
= x=-2L = sin? —ﬂjz—ﬁ.
3 3
Alternative method
sin™! [—g] = —sin~! (T‘gJ (- sin! (-x) = —sin™! x)

Let sin™ RE] —x, - L <x< X
2 2 2
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(i1) sec1 (-2) =t — sec! 2 (" secl(—x) =t —sec! x)

Letsec‘12=x,OSx£n‘,x¢%

T
= secx:Zzsecx=sec§
_r -1, _ T
= X= = =>seclx= =.
3 3
secl (-2) = — E=2T
3 3
(iii) cot1 (=1) = —cot1 1 (" cotl (=x) = w — cot™! x)
Letcotll=x,0<x<m
= cotlezcotx:(:ot%

= x=2 s cot?t1=2,
4 4

tl(-1)=n- L=
cotl (-1)=m 1
Example 3. Find the principal values of :
(1) sin™! (sin3—ﬂ] (i1) cos™ (cos7—”) (ii1) tan™ [tun6—ﬂ).
5 6 7
Solution. (i) Let sin! (sinS?nj =y, —% <y< %
. . 3m . . 21
= smy=sm—:>smy=sm(n— )
. .2 b8
= smy:sm—,—ESyS
27 . 4 ( .
= V== = sin7! | sin=——
(i1) Let cos’! (cos %nj =y Sy<w
7n 5n
= COS Y = €Os = = COB,y 5COs (21:—?)

5m
= cosy=cos —, 0<sy<m

6

= = = = cost (cos 7—“) _or

Y 6 6
(i11) Let tan™! [tan 6—n) =Y -5 <Y< %
= tan y = tan — = tan y = tan [n——)
= tany=—tan—=tan(—£),—%<y<%
= y=-I = tan’! (tan 67:]:_5.

7 7

Example 4. Show that sin! ? + 2 tan’! ig = 2775
Solution. Let sin™! ? =0, — g <a< g

. v3 .
= smoc=7=sm

w|a
U
Q
I

wla



INVERSE TRIGONOMETRIC FUNCTIONS A-241
Example 33. If sin! x + sin”l y + sin”! z = &, prove that :

() 2 —y2 22+ 2yz J1-x2 =0 (1.S.C. 2009)
(i) x* + y* + 24 + 4x%y?2? = 2 (X2 + P2 + 22x0).

Solution. (i) Given sin”! x + sinl y + sinl z ==
= sinlx+sin! y=n-sin"z

= sin‘l(xw+ym)=n—sin‘lz
= xw +y J1-x2 = sin (1 — sin! z)
= XW er«/m:sin(sin—1 z)
o xIoy? ry oA =2
o x oy — 2oy iox.
Squaring both sides, we get

21 -1 =22+ 2 (1 - x2) - 2yzy1-x2
= 2 -a%P =22+ 2 - a%? - 2yz1-x2
= x2-12-2+2z1-x2 = 0.

(if) From part (i), we get x? — y? — 22 = —2yz y1-x2.
Squaring both sides, we get

(2 - y2 - 222 = 4222 (1 - 22)
= xt oyt 4zt - 2022 - 22202 HRy22 Y22 — AxPyP2?
= xt oyt 2+ Ax%y?2? = 2 (2 R ) 2).

EXERCISE 5.1

1. Find the principal values of"

(i) sin! (%) (ii) cos~1 (— %) (iii) cot~! (—«/3)
(iv) tan-! (— %) (v) cosec! (-2) (vi) sec-! (%)

2. Evaluate the following :
(1) sin-! (sin %n) (71) tan-! (sin(— gj) (111) tan-! (tan(%))
(iv) cot (tan-! +/3) (v) sin (g —sin-! (— ?D (vi) cos (cos—l(— ?) + g)

3. Show that :

(1) tan-! (tan %n) # %ﬁ What is its value?

(i) cos1 (cos (— g)) # —g. What is its value?

(4ii) sin~! (sin %n) # %n What is its value?
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4. Using principal values, prove the following :

(i) sin-! [—%) + cos! [_ﬁ =

V3

(i1) sin-! L _3sint [— =

V2

2

(1)) tan~1 (=1) + cos! (__

(iv) cosec! (=1) + cot! (_

(i1) cos (sin—l(—%))

(1) tan’! (2 Cos(Zsirr1 %j)

5. Evaluate the following :

(1) tan (cos—1 ﬁ)

17
6. Evaluate the following :

(1) sin (1 cos~! é)
2 5

7. Prove the following :

(i) tan—l(“x) :g +tanlx, x <1

1-x

(i1) cosec™ I gect

1
X V1-x2

oA

(111) cosec (cos—l(—g)).

13

1- 2

X

8. Prove that tan™! x + cot™! (x + 1) = tanTh (x2p+/x = 1).
9. Prove the following (for suitable values ofx, V) :

(1) 3 sin! x = sin! ( 3x — 4x3)
3x —x3
1-3%2

(7i7) 3 tan! x = tan’! [

x4y
=y
4 x+qx

(U) tan m

Hint. (vi) Put'@x =tan y.

(iv) tan™!

(7). 8 coslx = cos™ (4x3 — 3x)

= tan-Lapt tan~! |y

1+x

=fanbx + tan'Vx (vi) tan! Jx = %cos‘1 (1_ xj

10. Write the following functions in simplest form :

(i) tan! (—Si“" )

1+ cosx

(iii) tan! [ 7= cos ")

V1+cosx

(v) tan! [&j

1-x

V1+x
(ix) cos™! (2x% -1)

(vii) sin! [ X J

(xi) cos™t (\f"l —x2 )

(xiii) cot™ (Vl +x2 — x)

Hint. (vii) Put vx = tan y.

(G} tarr! oS x — sin x)

(m
(lv) tan’! ( ! ]
(vi) sec’! ( L )

(viti) tan™? ( m)
(x) cos™ (1 -2x2)
(xii) tan™! (M)

(xiv) sin™! (x\;‘l—yz +yV1-x? )
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ANSWERS )
EXERCISE 5.1
N T .\ 2T ... BT . b b1 .
1. (1) 1 (11) 5 (111) e (iv) - ° (v) - z (vi) z
2 () G -% -3 (iv) % ) 1 (0i) —1.
-5 ) = Gii) % 5. (i) % (ii) % (iii) %
N 1 W T
6. (1) o (1) 1
10. (i) % (if) g —x (i) g (iv) g- sec! x (v) 2 tan”! Vx
(vi) 2 cos™t x (vii) tan~! vx (viii) % cost x (ix) 2 costx (x) 2sintx
(xi) sin™! x (xii) 3 tan’! g (xiif) g+% tan! x  (xiv)fsing! x + sin”! y.
. x+y N 17 . 33
11. (4) Ty 16. (i) o (i) o
18. (i) % (if) % (i) 0 J_r% (i) 17 (0) - %
. 445 a+b
19. (l)iT () e
EXERCISE 5.2
2. % 3. (1) ? (i) - % 4, % 5. nm, nn+%, wheren e L.
6.x:§,y:0 7x=lLy=2x=2,y="7.
CHAPTER TEST
1. _@. 6. (i) g (i) % (iii) % (iv) 1, _% (©) 0 i% (i) 2.
8. x=ab. 9. g
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