Detinite Integrals

10.1 FUNDAMENTAL THEOREM OF INTEGRAL CALCULUS

Let f be a continuous function on the closed interval [a, bl and § be an’anti-derivative of
f, then

b
J. fx)dx =6 (1) - ¢ (a) (Wejassume it without proof)
In wourds, the above theorem tells us that

J. f (x) dx = (value of an anti-derivative at b,)the upper limit)

. — (value of thé same anti-derivative at a, the lower limit).

Remarks

1. We often write ¢ (b) —4h(a)"as [(])(x)]Z.
2. No matter which arti:derivative we take as ¢, the value of the definite integral
comes out to be thegame.

10.1.1 Evaluation of Definite”Integrals

The fundamental theorem enables us to evaluate the definite integrals by making use of anti-
derivatives.

ILLUSTRATIVE EXAMPLES
Example 1. Evaluate the following :

1
(i) ! (2 x3 + 3)2 dx (i) j1+3t

1 1
Solution. (i) '[ 2x3 + 3)2dx = '[ (4x°+12x3 +9) dx
0

1

7 4 1
[4.x—+12."— +9x} :Faﬂ +3x4 +9x]
0 7 0

88
7
2ot

(if) 1+3t
3

(‘;+3+9) O0+0+0) =
[

Iog|1+3t|} % (log 16 — log 10)

w
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Example 2. Evaluate the
/2
(i) I cos? x dx

0

UNDERSTANDING ISC MATHEMATICS - XII

following :
/2
(ii) _[ cos* x dx.

0

i3 i3 1+ cos2x 1 sin 2x T2
i [ 2 = — = —
Solution. (i) j cos? x dx = J > dx 2[x+ 5 L
0 0
1((nm 1 . 1 .
= E[(E+Esmn)—(0+§smOH
_ 1w 1 1 _T
_ 2[(2+2.0)_2.0}_ 3
/2 /2 /2 1+ 2 2
. 4 — 2 2 — COS 2Xx
(1) Icos x dx I(COS x)2 dx j (—2 j dx
0 0 0
/2 /2 1+ 4
= ij (1 +2cos2x+ cos?2x) dx = % J.(l+2cos2x+$)dx
0 0
/2 . s /2
1 '[ (3 + 4 cos 2x + cos 4x) dx = l{3x+4. W sm4x}
8 8 4
0
1 b . . 1,. .
= 23| =Z-0|+2(sinmw—-sin0)+ - (sin 21~ sin 0)
8 2 4
1|3n 1 3n
= —|—+ — +—(0— = —/
8[2 20-0)+1(0 0)} o
Example 3. Evaluate the following :
/2 /2
(i) j N1+cos2x dx  (ii) I 1+ sin2x dx.
0 0
/2 /2 /2
Solution. (7) I J14 cos2x dx = J. N2cos2 x dx = 2 J. lcos x| dx
0 0 0
/2
= 2 f cos x dx
0
(AsOSxS%:costO: lcos x| = cos x)

/2

(i) j /1 +sin2x dx
0

/2

2 _
V2 [ sin x ]Z/ =2 [sin%—sinO}

V2(1-0) = V2.
/2

j ,1+cos(§—2x] dx = ! J2c052(%—x) dx
0

/2 n/2
= «EJ cos(%—x] dx = v"2J‘ cos(%—x) dx
0 0
AsO0<x<Es02-x2-E5 >0 4> T
2 2 4 4 4
-2 <T _x<T o cos (E—x)>0z cos(z—x) = COS (E—x)
4 4 4 4 4 4
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- /2
sin (Z - xj o
V2| —= 2 =-42 [Sin (— %j —sin %}

-1
0

_ _____/_:
«F[\E 5} \25 2.

B\,

Example 4. Evaluate the following integrals :
/4 3n/2

(i) I J1-sin2x dx (i1) J. A1 —cos 2x dx.

0

/4 n/4 n/4
Solution. (i) J. J1-sin2x dx = I —cos ——2x dx— 2sin? ——x

n/4 /4
= Rl = 4/ R
ﬁj. sm(4 x) dx = xZI s1r1(4 x) dx
0
<y< T >_y>_ T TS T _ >
|:ASO x_4:0_ x 2 4:4_4 x20
=0<Z2_x<Z i (E—x) > 0= sm(——xj :sin(ﬂ—xj]
4 4 4 4 4
- n/4
— COSs Z—x] .
= 2 —_— :\/Z[COSO—COS%}
0
= ﬁ(l—iz):ﬁ—l
3m/2 3n/2 3n/2

(77) I \J1-cos2x dx j N2sin2 . dx = V2 j Isin x| dx
n T T
3mf2

=2 I (- sin x) dx
T
{AsnSxS 3TR:sinxSO: | sin x| =—sinx}

= —\/—[ COSX] —«/—(COS%‘—COSﬂ?)

= 20- 1) =2
Example 5. Evaluate the following integrals :
/2 2n
(i) I V1 —sin2x dx (if) .[ 1+sing dx .
/4 0

/2 02 o 02
Solution. (7) I J1-sin2x dx= I Jl—cos(g—ij dx = j \/251112 (%—x]dx
/4 n/4

n/4

| a
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p /2
—COS(Z—XJ
= -2 1 =—x2(cos(——)—c030j
n/4
= - Q(i—lj:ﬁ 1
N2
R R N s S B Ay
1 | in= = | —_——— = \‘ 2 —_———
(#) JV1+Sln2 dx J V1+COS(2 2)dx j ,V2cos (4 4) dx
0 0 0
2n - X 2n - X
= ﬁj COS(Z_Z] dx =2 'f cos(z—zj dx
0 0
<x < <X <T >_X>_ T Tt _x5_ T
[Aso_x_Zn:0_4_2:>0_ 72 2:>4_4 1271
_mn_x_ T (2_5 (E_ﬁj - (E_ij
:4_4 4_4:cos44>0:>cos44 c:os44
2n
X
Sln(z—zj . ] »
= 2 T =— fo(sm(——)—stj
4 0
_ -4{(-;—%]:4& 2 8
V2 \ 2
Example 6. Evaluate the following integrals
/4 /4
(i) Isecx —sinx dx (11) I (tan x + cot x) 2 dx.
sinx
0
/4 h /4 - .
Solution. (i) j sec x &g j sec x ,Jl_s?nxxl_s?nx
0 \ 1 +'sin x 0 l+sinx 1-sinx

/4 /4
(1-sin x)? 1-sinx
L sec x R dx = sec x
cos Cos x
0

0

. 1-
[AsOSxS%:cosx>0,1—smx>0=> smx>0}

COos x
/4 . /4
1-sinx
= '[ sec x. dx = j sec x (sec x — tan x) dx
0 COos x 0

n/4
n/4
= '[ (sec? x — sec x tan x) dx = [tanx - secx|

0
= (tanE —sec j (tan 0 — sec 0)
4 4

=(1-2)-(0-1)=2-+2.

A i sinx cosx) > i sin2 x +cos? x | 2
(ii) J (tan x + cot x)2 dx = j o220 dx = j SINTX¥COSTX N dx
cosx sinx sin x cos x
0 0

/4 /4

1 )7 .
= _ X = SIn X COS x X
Il | = 2

sin x cos x
0
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1t/4 /4

= = j(2smxcosx)2 dx = 411 '[sinz 2x dx
0 0
4
1 nj‘ l-cosdx , 1 sin 4x 74
= = dx= =|x-
4 2 8 4 |

S R U

Example 7. Evaluate the following integrals :

1 1
. (sin~1 x)? .. x+1
(i) = dx (ii) I Tt dx
0

J1-x2 y1-x2

ol
- {(Sm ! x)ﬂ = 1[(sin‘1 1)° —(sin"1 0)?]
3 ], 3

1, . 1
Solution. (i) J Gin7 12 dx = I (sin-1 x)2. ; dx H(f(x))”f’(x)dxform
0

24"

Il
[SSAI
| —
VS
Nla
N————

w
|
o
W
| |
1l
|:|

1

(if)

1
S S M | 2 2
el @oaareniah
0 0

_ 1 (x2 +2x +3)1 !
2 -1 A

__1_[ 1 4y 1 }__1(1_1)__1[_1)_i
2142 #8. 0+0 3 26 3 2 6 12°

Example 8. Evaluate the following integrals :

b
() [ 5% dx  «(816,2000) (if) j 2B . (L.5.C. 2002)
b
Solution. (i) j Ing dx = J. (log x)!. % dx ‘ J (f ()" f'(x) dx form

b
_ (logx)2} % [(og b)? - (log a)?]

(log b + log a) (log b — log a)
log ab log (S)

(11) As % (1+sin2x) =0+ cos 2x.2 = 2 cos 2x,

/4

. 2cos2x _ ) /4 f(x)

. Tremos dx = [log |1+sm2x|]O “ e dx form
0

= log |1+sing| —log |1 + sin O

log (1 +1)-1log(1+0)=1Ilog2-1logl
log 2 - 0 = log 2.
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Example 9. Evaluate the following :
/2

1 9
. X .o
(i) J T dx (ii) '[ X cos 2x dx.
0
0w 1 [ 104 f(x)
Solution. (i) ‘([ I dx = o 0 m dx “ ) dx form
-1 0] =L - =1 10e 8
= 0 [10g|5+x I]0 10 [log 6 —1log 5] 0 logs.
/2 in?2 /2 /2 in?2
(if) I x cos 2x dx = {x. sz x] - J 1. sz L dx (using integration by parts)
/2 /2
_If(m. o a1 . _1(m 1| cos2x
= E(Esmn 0) > j sin 2x dx Z(Z'OJ 2[ > L
0
1 1 1

= Z(cos 7T — cos 0) = Z(_l -1)=- 5

Example 10. Evaluate the following :
/2 1
(i) J x sin? x dx (ii) J. x? ¥ dx,
/2 /2

Solution. () J. x sin?x dx = I x

0
5 /2
_ l{x_} —l{[x. sm2x] J‘l sin 2x dx}
2 2 2 2

/2 /2
‘1—c052x =%I J. x cos 2x dx
0 0

o
NI»—\

0
n/2

2
- l[n__())_ (Esmn 0)+lj sin 2x dx
4\ 4 2 4 0

1
4
=___( NI
8

2 1
—_ + =,
16 4

L™ 1 =" _lcip=
—E—gcosn COSs —E—g—— =

1
(1) I x2e* dx =

0

|
3

s ex] —J 2x e* dx

0
(1.e1-0)-2 j xeXde=¢e—-2 [[xex];—j‘ 1.e* de
0 0

_ e—2(1.el—0)+2j exdx = e ~2e + 2[e"];

0
=—e+2l-e)=-e+20-1)=¢-2.
Example 11. Evaluate the following integrals :

/2 1
(i) J cos 2x log sin x dx (ii) J. x tan! x dx. (I.S.C. 2002)
n/4
/2 /2
Solution. (i) j cos 2x log sin x dx = J log sin x . cos 2x dx (integrate by parts)
n/4 n/4
= [lo sin x sianT/z _“j.z L cosx. 502X gy
B & 2 /4 sinx’ 2

n/4
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/2
1 1 cosx 2sinxcosx
B E{O_Iogﬁ}_.[ sinx 2 dx
n/4
1 1 /2
= _ = _ 2 _ 2
= -3 (log 1 5 log 2) j cos? x dx
n/4
1 A 1 2
+ Cos 2x
=1 log 2 — I — dx
/4
1 1 sin 2x 72
= ZlogZ—E[ 3 L/4
_ 1 _ME_my loop| =L _r,1
=1 log 2 2[(2 4j+2(0 1)] 4logZ 8+4'
1 1
(if) I x tan™! x dx = J. tan™! x . x dx (integrate by parts)

o]

Example 12. Evaluate the following :

/2
. COSX. log x
i = x ii
® -([ 1t cosx + sin x (&) —[( 1)2
/2 m2  cos? X —sin2 X
Solution. (i) J. cost dx = 2 2 dx

+ +si x N
p Ltcosx +sinx 0 2cos25+251n5cosz

x x
/2 cos = — sin —

- 22 :%i( —tan® ] ¥

2cos *
0 2
r n/2

x

log | cos —

= —|x+ 2
2 1
2

L 0

_(%_ 0) + 2[log%— loglﬂ

:_+log1—logJ— ———10g2

|
N | =
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5 5
(i1) ‘!% dx = _1[ log x.(x + 1)2 dx (integrate by parts)
1 5 -1
= [logx (r + )7 } Jl.oﬁ'l) dx
-1 x -1
1 1
_ _ | logx > +j' dx
x+1 4 1 x(x+1)
5
__[log5 logl 1 1 . .
= ( - j+ J. (x — 1) dx (by partial fractions)

—(1055 —0j+[log|x|—log|x+1l]f

—%log5+(log5—log6)—(log1—log2)
:glogS—(log6—10g2)=glogS—logS.

Example 13. Evaluate the following :

~2
(i) J.\/Z—xz dx
0

N2 N R
Solution. (i) j 2—x% dx= I\/(V’E)Z —x? dx
0 0

Example 14. Evaluate the following integrals :

1
(i) j e dx (1S.C2011) G j B ax i) Jsin‘l(l f’;z)dx.
0

1
. . xex (x+1)-1 .
SOlutlon. (l) J‘(x-l——l)z dx = W e dx
0
1 o
x+1.exdx—-(|).mexdx

O —— i O C—

(evaluate the first integral by parts, taking

L 4 the first function)
x+1
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1

[ L }:—j;(—l)(x+1)—2.exdx—j

1
x+1° 0(x+1)2

e* dx

1 1
- (L, 0 D ooxge [l o= Lo
_(2 16)-([(x+ 5 e dx_([(x+1)zedx 5¢ 1.
7 logx 7
(if) = fl)Z dx = I log x . (x + 1)2 dx (by parts)
1 1
B @+)1T P 1 ()
—{logx. — L— PR dx
_ log x 1
- [x+1} + x(x +1) dx
5 logl 5 11
- [ °g] () o
1\ x+1
[Ogs—O) [1og|x|—log|x+1|]
log5

= + (log 5 - log 6) — (log L =hlog2)

= glog5—(log6—log2)=glogS—log&

1 1 1
- 2x . -1 _ -1 i
(iti) ‘(.; sin (1+x2 ) dx = J 2 tan! x dx =2 ‘([ tan~! x .1 dx (integrate by parts)
1 1
=2 [[tanlx.x] \ J PRt dx]
X
0
1
= 2(tan' 1= 0) — I 1fx2 dx
X
0

35 -0)-[log1+x)];

%—(10g2—10g1)=%—(10g2—0)

=%—log2.

Example 15. Evaluate the following :

(i) [ % (1)] S

2 Jhys
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3
(if) J. Lk = J;(x +1+ e _1)j dx (by division)
Let <L _ AL, B v i1-AGx-1)+Bx

x(x-1) x  x-1

On putting x = 0 and x = 1, we get
l=—-Aand2=B = A=-1landB=2

3 3 3

x° +1 1 2

-[x(x 1)dx_.[[X+1_;+_x—1) dx
2 2

) 3

= {x—+x—log|x|+210glx—1l}

2 2

(%+3—10g3+210g2) -(2+2-log2-21log1)
15 7
= 7—log3+2log2—4+log2—2.0= E+310g2—log3.

/2 .
Example 16. Prove that : I 3sin® + 4cos§ o = 7% (I.5.C. 2005)

sin® + cos® 4
Solution. Let 3 sin 0 + 4 cos 6 = [ (sin 6 + cos 0) + il (cos O~ sin 0).
Equating coefficients of sin 8 and cos 6 on both sides,\we get
=l-mand 4 =1+ m.

Solving these for I and m, we get | = % andw = %

/2 /2 Z : 1 _gj
3sin6+4cos@de 2(smG+cos€') + 2((:059 sin 0)

sin @ + cos O Sin@ + cosO
0

/2 1
y J‘ [Z Cose—sme) 0
2 2 2 sin® + cos 0

= = [G]TE/2 + L [log | sin® +cosel]

dae

n/2

7

=5 [%—O}+E[logl—logl] =T

EXERCISE 10.1
Evaluate the following (1 to 21) definite integrals :

8 (-
16 | (JET —_j d ) | s
0 0
=1l n/4
2. (1) J. 1o (7) cosec x dx.
-4 . n/6
1 1
. ” dx
3. Jox+4d —
(@) '(l; % x & .(I)‘\1+x+«/§
T 1 d
4. (i) j — (if) f ‘jl_xx2
0
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5.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

0

@)

(@)

(@)

. (1)

0]

@)

(@)

(iid)

(@)

(@)

(@)

(@)

(@)

—~~
~.
~

—~
=
N
—— N
x
=
—
| =
|
N|’_‘

—_
4L
=

o —_—
—_
|
=

ISW
=

3
J. (X2 +e*) (x®+3e* +4) dx
1

n/4
J. tan® x sec? x dx
0
/2
j \1-cos2x dx
0

/2 .
sin? x

J. (1 + cos x)?2
0

n/4

I sin 2x sin 3x dx
0

/4

J. 2 tand® x dx

/4

J sin x
cos3x +3cosx
0

n/4
J (tan x + cot x)! dx.

(=}

Ot = O N R — W
—_
IS
=

]dx
X

(if)

(if)

(if)

(i)

(ii)

(ii)

(if)

(if)

(ii)

(if)

(ii)

(if)

(if)

(if)

(ii)

(if)

/2
Ccos x
— dx
J. 5+ 4sinx
0

J. 9x2
1

/2
I sin® x dx.
0

m/4

J A1+ sin2x dx.
0

/2

J- sin 6 6.

1+ cos@

/2

j (a2 cos?x + b? sin?x) dx.

0

/4
tan3 x

1+ cos 2%
0

/4
J (tan. x(+# cot x)2 dx
/3

j‘ dx

ax — x?2

0

=
1+ x6

0

j‘ x+3
x(x+2)

1

a

J 7% x.
a+x

|
_

dx
(x+1)(x* - 7x +12)

dx
4+x—x2"°

tan™! x dx.

O = O N = — N

a
N

[Spa——

x +sinx
dx.
1+ cosx

A-493
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/2 n
’ . od 1-sinx
21. (i) e¥(log (sin x) + cot x) dx ) e"[ ) dx.
R-L n-/[z 1-cosx

22, If J. 3x2 dx = 8, find the value of a.

10.1.2 Evaluation of Definite Integrals by Substitution

ILLUSTRATIVE EXAMPLES
Example 1. Evaluate the following :

1 1
R 2 x3 .o X
Q) [ e dx (i) | =
0

0

Solution. (i) Put x3 =t = 3x2 dx = dt = x2 dx = % dt.

Whenx =0,t=0and whenx =1, t=13 = 1.

1
J. K2 et dx = et % dt = %[e*]é
0

W= O =

[el—eO]:%(e—l).
(ii)Putx2=t:>2xdx=dt:>xdx=%dt.
When x =0, t = 0 and when x = 1t =1

t X
j T3.7 dx
0

1 1
L TN
dt—2 1[tan 1]

Il
—

—_
N —

1+712°

0
0

- 1 - tan ! LIr_gl=Z
= 3 [tan T~ tan™! 0] = 5 [4 0} 5
Example 2. Evaluate theyfollowing :

2

1 X
W) | Tmdx (i) j - X g (i) j Glsm&dx.
0

1+ cos2 x 13 x + cos3 x)?

Solution. (i) Put e* = t = ¢* dx = dt.

Whenx=0,t=¢e"=1and whenx =1, t=¢l =e.

e

e
j Y _dx = [tan‘1 t}
1+e2x 14
0 1
=tanle—tan!1 =tanl e - %
(1) Put cos x = t = — sin x dx = dt = sin x dx = —dt.
When x =0, t = cos 0 = 1 and when x = g,tzcos g =0.
2
n/ sin x dx = j)‘ —dt :—1[tan*1 £:|O
1+ cos? x 1+¢2 1 1}
0 1

Il
—
e
[
&

AN
o

|

-
[
=}

L
—_
—

7~ N\
o

|

|a
N——

1]
N
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. w1 . T
15. (i) 1 (i) 5 log 6. 16. (i) — 7
17. (i) % + log % (i) % log 2 - % log 3.
N .. 1 21+ 5v17
18. (l) 5 (ll) WIO [ 2 J
1. () 2 -1 (if) g_% log 2. 20. () %ez e
21. (i) % e/ log 2 (i) em/2. 22. 2.
EXERCISE 10.2
1. () % (1) (ii) % ante- 22 ()22 -1
3. (i) tan™! (%) (i1) tan’! (%j 4. (i) sin (log 3)
5. (z')%(2+ N2) i) %3@. 6. (i) 1-log 2
7. (i) log % (ii) log % 8. ()%
9. (1) % wat (i) % 10. % - log2
Ao 1 . 2
11. (i) E_Z+E log 2 (i) e~ 108n
2 1 a1 V5 +1
12. (i) 3 tan™! 3 (i1) 7 log (HJ
B.() % (if) % 4. () %log 3
15. (i) % (if) g
EXERCISE 10.3
1. () % W/ 32 (iii) %
2.(1) 2- 42 (i) 2 (i) 1.
3. (i) 4 i) 2(e—1) (i) 2 - %
4. () 0 (i) 4. 5. 37.
7. (i) 0 (i) 0 (iii) 0.
8. (i) g (ii) %" (i) 0
9. (i) 0 (i) 0 (iii) 0
10. (i) 4—12 (ii) 6;43 (i) %N@
11. (i) % (if) % (iii) %
12. (i) g (if) % (iii) %
13. (i) % (if) %" 14. (i) %

(i) am.

(if) g

8
(ll) ﬁ .
log 2

(if) T+log2’

(if) % ~ 1.

2e -1

(i) log

(#) % - log 2.

(i) %.

47.

T

o
o log (~v2 + 1).

A-531
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