TRIGONOMETRY -

Trigonometrical
|dentities

19.1 TRIGONOMETRICAL IDENTITY

An equation which is true for all values of the variable involved is called an identity.

An equation which involves trigonometric ratios of an angle and is true for all values of the
angle is called a trigonometrical identity.

In this chapter, we shall deal with the fundamental\trigonometrical identities and will
prove certain identities based upon them. However, before doing so, let us review
trigonometric ratios.

19.1.1 Trigonometrical ratios

Let OMP be a right angled triangle at/M and ZMOP = 6, then the trigonometrical ratios
(abbreviated t-ratios) are defined asg¢

MP

(1) op is called sine of 8 and-is written as sin 6. Thus

sin @ = M- s

OP 0]

OM . . : : =
(2) op = called cosine of 6 and is written as cos®6.

Thus cos 6= 24

oP

(3) % is called tangent of 6 and is written as tan 6. Thus tan 6 = OEM

4 oM is called cotangent of 8 and is written as cot 6. Thus
MP &

OM

cot @ = —. ¢
MP
(5) 501\_1:1" is called secant of 6 and is written as sec 6. Thus
OP
cO = —.
se =
(6) % is called cosecant of 8 and is written as cosec 6. Thus
cosec O = on
MP
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In reference to ZMOP in A OMP, OM is called base or adjoining side, MP is called height
or opposite side and OP is the hypotenuse. The six trigonometrical ratios can be defined as :

(1) sin © = height -(2) e base
hypotenuse hypotenuse
height base

3) tan 6 = - cot O = ;

%) base 850 height
hypotenuse hypotenuse

5) sec Bi= - 6) co = *

() base Ll height

O In right-angled triangle OMP, ZMOP lies between 0° to 90° i.e. ZMOP is acute
angle i.e. 8is acute and all the six trigonometrical ratios are positive.

(O Each trigonometrical ratio is a real number.

19.1.2 Reciprocal relations
From the right-angled triangle OMP, we get

Seed MP _ OoP
(1) sin 6 = oo and cosec 0 = o

1
and cosec 6 = —
cosec 6 sin 6

= ein Bi=

=  sin O and cosec 6 are reciprocals of each other,

oM OP
) sec B = —
(2) cos 6 o and T
= cos O = and sec 6 = 1_
sec B c0S 6

= cos 6 and sec O are reciprecal of each other.

MP _ (oM
(3) tan 6 = v and cot Q= s
= tan 0 = and cot 6 = 1
cot 9 tan 6

= tan @ and cot O are reciprocal of each other.

" Remark |

(1) sin B . cosec 6 =1
(if) cos B .sec 6 =1
(iii) tan 6 . cot 6 = 1.

19.1.8 Quotient relations
From the right-angled triangle OMP, we get

MmpP
sin 0 oP MP OP MP
= = = = tan 0,
Bt OGN OP OM  OM
OP
fanio 2 sin O
cos O
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oM

2) c:-.:JsE! s OP % OM G OP 4 OM — ot 6,
sin 6 MP QP MP" v MP
oP
: _ cosB
seot = =T
19.2 FUNDAMENTAL IDENTITIES
1. sin? O + cos? 0 = 1.
2.1 + tan? 0 = sec? 0.
3.1 + cot? 8 = cosec? 6.
Proof. Let OMP be a right-angled triangle at M 5

and ZMOP = 0.

From the right-angled triangle OMP, by
Pythagoras theorem, we get

MP2 + OM2 = OP2. swilD)
1. Dividing both sides of (i) by OP? we get O BASE M

(ﬂf_f +(%f o
OP OoP
= sin? 0 + cos? 06 = 1.
2. Dividing both sides of (i) by OM?, we get

= tan?0 + 1 =sec? 8 = 4. & tan? 0 = sec? 0.
3. Dividing both sides of (i) bysMP?, we get

2 N
L (2 - ()
MP MP

= 1 + cot? 6 = cosec? 0.

sin? © means (sin )% and sin® 6 is read as sine squared 6. Similarly cos* 6 means |
(cos )2 etc. | '

2 ec— i e e e —— —

Corollary 1. From identity 1, we deduce that
(i) 1 - cos? O = sin? B and (i) 1 — sin? @ = cos? 6.
Corollary 2. From identity 2, we deduce that e .
(i) sec* @ —1 = tan? 6 and . (ii) sec* § — tan? 6= 1.

Corollary 3. From identity 3, we deduce that
(i) cosec* @ —1 = cot? O and (ii) cosec* 6 — cot? 6= 1.

19.2.1 Now, we take up some trigonometrical identities, which will be proved by
using the results of Articles 19.1.2, 19.1.3 and the fundamental identities.
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ILLUSTRATIVE EXAMPLES

Example 1. Prove the following identities :

() tan2 0— —L_ + 1 =0

cos> 0
iy & 1 e 1 r 2sin@ :
sin@+cos® sin@-cos@ 1_2cos? 6
Solution.
() LHS. = tan20- —1_ +1
cos? 0

= tan? 0 —sec?2 O + 1

tan® 6 — (1 + tan2 0) + 1
tan?0—-1-tan?0 +1 =0 = RH.S.

: _ (sin 6 — cos 6) + (sin 8 + cos 0)
otp = LS. (sin 8 + cos B) (sin 6 — cos 0)

- 2sin 6 - 2sin 6
sin2 @ —cos? 0 (1- cos® ) —cos? O
2sin B
= T P -RHS.
1-2cos*0

Example 2. Prove the following identities :
(i) cot? A — cos* A = cot? A cos? A

2
Gi)ly B e A,

1+ sec A
Solution.
() L.HS. = cot? A — cos* Ay # — cos? A
sine A
= cos? A [ i —1] = cos? A (cosec? A - 1)
sin“ A
= cos® A cot? A = RH.S.
2 2
g il S Pl

1+sec A 1+ sec A

v (sec A —1) (sec A +1)
1+sec A

= 1+ (sec A-1) =sec A =RHS.

= ]

Example 3. Prove the following identities :
(i) (1 + tan®* 6) (1 —sin 6) (1 + sin 6) = 1

(i1) Sl = cosec @ + cot 6.
1-cosB
Solution.
() L.H.S. = (1 + tan? 0) (1 — sin 8) (1 + sin 0)

sec? 0. (1 — sin® 0) = sec? 0. cos? 0

I

= — .cos?0=1=RHS.
cos” B

&

(2002)

[ 1 =sec9]
cos 6 |

sec = 1 + tan? 0)
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: sinf  sinB 1+ cos®
(@ LHS. 1-cos® 1-cosB X1+ cos®

sin 6 (1+ cos 0) sin 6 (1 + cos 8)

1-cos? 9 sin? 0
. eos@ il cos 6
sin 6 sin® sinB

= cosec B + cot 8 = R.H.S.

Example 4. Prove the following identities :

(i) 1 i 1 = 2sin A
sinA+cosA sinA-cosA 1-2cos® A
o i 1
(ii) (1 + tan* A) + [1‘+ ]= .
tan? A sin® A—sin* A
Solution.
6 LS or AT
sinA +cosA sinA-cosA
_ (sinA —cosA)+(sinA +cos A) _ 2sin A
sin®A — cos® A (1-cos? A) — cos? A
_ _2snA__ppg
1-2cos“ A

(i) L.H.S. —

sec2 A + (1 + cot® A) = sec? @o&eé’ A
1 1 sin? A + cos? A

i - L5
cos2 A sin? A cos? / @Q’A
®

LY 1 an . ;
(1- sin? A)sin> A&%ﬁ A —sin* A

Example 5. Prove the followingyitie

(1 + tan® A) + [1+ - ]

tities :

(i) JHSI_HQ = sec 6 + tan 6
1-sin6 :

1-sin@
1+ sin6

(i1) = (sec O — tan 6)~

Solution.

1+sin@ [1+sn® 1+sn®
s, - [EEE_|
©) H.S 1-sn0 Ni-2a0. | rane

prm—

» J(l-t—sinﬁ)z_ (1 + sin 0)?
1-sin? 0 cos? 0

1+sin B8 ul 1 sin O
cos O cos® cosB
sec B + tan 8 = R.H.S.

1 _sinﬁ)z
cos® cosB

1

Il

(ii) R.H.S.

(sec O — tan 0)? = (

Il

[1 — sin e)z _ (1—sin 6)?
cos 0 cgsz %]
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(1 —sin 9)3 2 (1 —sin s‘El)2
1—sin2 0 (1 —sin 6) (1 + sin 6)

1-sin@ _
o LH.S.

Example 6. Prove the following identities :
sin A

1+cos A

1 =7 A , 04
| ®) 1+ cos A sin A CoREC e )
} » cos A sin A :

. i - =5 A% cos A. 2003
' it l1-tan A 1-cot A ( ,
' Solution.
. _ sin A 1+cos A  sin? A + (1 + cos A)?
L B I+cosA  snA _ (1+cosA)sinA
_ sin?A+1+2cos A +cos’A  (sin®A +cos®A)+1+2cos A
L (1+ cos A) sin A i (1+ cos A) sin A
T+ 2 cos AN 2(1x+00siA)
~ (1+cosA)sin A (1+cos A)sin A
- —_2_ -2 cosec A = RHS.
sin A
e cos A sin A
T R R ey e

cos A ’ simA  cos? A ¢ sin® A
sin A cos A cos A—§in/A sin A —cos A
k= 1-—
cos A sin A
cos? A sin%6A cos? A —sin? A

cos A—sin A cos ADsin A cos A—sin A

(cos A +sin A) (cds Ar—sin A) oy .
oA b A = cos A + sin A = RH.S.

Example 7. Prove the following identities :
(i) tan* A + tan®> A = sec* A — sec? A

cos? A+tan? A-1

(ii)

Solution.
[ L.ELS.

(i) L.H.S.

APC

= tan® A.

sin® A

I

I

I

1

tan* A + tan? A
tan? A (tan® A + 1)
(sec? A — 1) sec® A (= 1 + tan® A = sec® A)
sec* A —sec? A = RHS.
cos* A +tan? A -1 L tan? A — (1 —cos? A)
sin A v sin A

tan? A —sin? A _ tan2 A sin? A

sin? A " sin2 A sin? A
sin? A —u i (A o 1 £
cos? A sin? A cos? A

sec2 A —1 = tan? A = R.H.S.
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Example 8. Prove the following identities :
(i) sin @ (1 + tan 6) + cos 6 (1 + cot 6) = sec @ + cosec 6
(ii) (1 + cot 68 — cosec 6) (1 + tan 6 + sec 6) = 2.

Solution.
() L.HS.

sin 6 (1 + tan 6) + cos 6 (1 + cot 6)
sin 6 (1+ Sme)+cosﬁ[1+C°SBJ

cos 6 sin 6

I

- (COSG-'.SIHBJ+COSG(5mB,+CDSBJ
cos 0 sin 6

I

~ sinf® cos6
(cos B + sin 6) (c059+ sinBJ

: sin% 8 + cos? 6 : ' 1
C - = in
(cos O + sin 0) ( s (cosB+s B)[mﬂas, B]

cos 0 Sinie* 5 sudl 1
cosOsin® cosOsin® sin® cosH

= cosec O + sec 8 = R.HS.
(i) L.H.S. = (1 + cot 6 — cosec 8) (1 + tan 6 + sec 6)

u (1+c059__ 1 )(1+5i119+ 1 )

sin® sin 6 cos® cosbH

(5i119+c058—1](c059+51n8+1)
sin 6 cos 6 0

I

_ (sin 6 + cos 0)* — 1
sin 0 cos 6 \Cb’
sin29+cusze+2smeeé\-1_1+25mecc.se-1
si.nﬁcos% v - sin 6 cos 6

2 ?m B cos 6 L. HS.
sin 6 cos 6 Q

Example 9. Prove the following identities :

Il

(i) 22 A+tan A _ cosec A — cot A
cosecA+cotA  secA-—tan A

(i) A P2 1 4 tan A + cot A.
Solution.

sec A +tan A E cosec A —cot A i5 e

cosec A + cot A sec A —tan A

if (sec A + tan A) (sec A —tan A) = (cosec A + cot A) (cosec A — cot A) is true
i.e. if sec? A — tan? A = cosec? A — cot? A is true i
ie. if (1 + tan? A) — tan? A = (1 + cot? A) — cot? A is true

e. if 1 = 1 is true, which is true.

sin A cos A
¥ tan A cot A A in A
L.HS. = = —£08 P -
(11 1—cotA « 1-tanA ;_CosA ~ , sinA
sin A cos A
sin? A cos? A

L= + — .
cosA(sinA —cosA) sinA(cosA -sinA)
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1 (sinzﬁ | CGSZA]

sin A —cosA | cosA sin A

1 , sin3 A — cos?® A
sin A — cos A cos A sin A

(sin A — cos A)(sin® A + sin A cos A + cos? A)
(sin A —cosA) sin A cos A

sin® A +sin A cos A + cos?® A

sin A cos A

sin? A ; sin A cos A 4 cos® A
sinA cosA sinA cosA  sinA cos A

Il

I

511-“bi+1+ r:':’SA=’£.':1I*1A+1+1::::::’[A

cos A sin A

= 1+ tan A + cot A = R.H.S.

- Example 10. Prove the following identities :

i (i) tanA+secA-I_I+5an
| tan A—sec A+1  cos A

cosec A

(ii) (1 + cot A + tan A) (sin A — cos A) = see A

cosec’A  sec? A

Solution.

|

/4 Y
tan A +sec A -1

tan A —sec A +1 |

() L.H.S.

B W

l.~_"

(tan A + sec A) — (sec* A — @f&iﬁwj
tan A — sec A 1%
O

(tan A +sec A) — (5{ ’JJian A) (sec A —tan A)

t?E@ésecA+l

(*c sec? A —tan? A = 1)

(tan A +secA) (1 —sec A + tan A)
tan A —sec A +1

sin A 1
= +
' tan A + sec A T

sinA+1_l+5'1nA
cos A  cos A

(1 +cot A +tan A) (sin A —cos A)
cos A sin A
(1+sinA+cnsA

=R HL. S

iy  LHS.

] (sin A — cos A)

sin A cos A + cos® A +sin?® A
sin A cos A

] (sin A — cos A)

(sin A —cos A) (sin® A + cos® A + sin A cos A)
sin A cos A

sin® A — cos® A
sin A cos A

APC ~ TRIGONOMETRICAL IDENTITIES {0




1 1
A cosec A A sin A
R.HS. BEE = cosA-
cosec?A  sec? A 1 1
sin? A cos? A

sin? A cos? A _ sin® A —cos® A
cos A  sin A cos A sin A

= LHSF=3RELS.

Example 11. Prove the following identities :
(i) tan® 6 + cot> B + 2 = sec* O cosec* 6

(ii) |sec? O+ cosec? @ = tan @ + cot O

Solution.
() L.H.S. = tan®* 8 + cot? 0 + 2
= (1 + tan? ) + (1 + cot? )

= sec? O + cosec? O

St Y || _ sin® @ + cos? 0
cos? ® sin? 0 cos? 0 sin? 6
I 1 1

il

cos2 @sin2® cos2 @ sin2 @
= sec? O cosec? 8 = RHS.

(i) CLH:SS= \/secz 0 + cosec? 0

= (1 + tan? 0) + (1 + cot? 8).= Ytan? 6 + cot? 0 + 2

= +tan? 6+ cot? 6 + 2 tan Bcot 6 (- tan 6 cot B = 1)
J(tan 6 + cot 8)2%E%an 0 + cot 8 = RH.S.

I

Example 12. Prove the followigyidentities :
(i) sin* 6 + cos* @ = IN-)2 sin? 6 cos* @

cosec@—cot® sin@ sin6  cosec@ +cot 8

Solution.
(i) L.H.S. = sin* 0 + cos* 6 = (sin? 0)® + (cos* 6)?
= (sin? O + cos? 0)% — 2.sin? 6 cos? O [+ a% + b?* = (a + b)* — 2ab]
= 12-2sin? 0 cos?2 = 1 — 2 sin% 6 cos? 6 = R.H.S.
(11) 4 - _1 = ,1 - - 1s true
cosecH —cot® sin® sin® cosec B + cotB
if . 2 2 + ,1 is true 1

+ —
cosec® —cot® cosecB+cotB sin® sinB

T (cosec 8 + cot 8) + (cosec 6 — cot 8) . 2

—— 1s true
(cosec 6 — cot B) (cosec O + cot ) sin 6
Le. if AL = 2 cosec 0 is true
cosec? 6 — cot® @
ie. if ZCUTM- = 2 cosec 0 is true, (. cosec? 6 — cot? 6 = 1)
which is true.
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Example 13. Prove the following identities :

n I+tan? @ [(1-tan6)>
(1) =(——-—) = tan? O
1+ cot? @ 1—cot 8

simnA—sinB cos A—-cosB

i1 + = (),
(1) cos A+cosB sin A+sinB
Solution.
1
(i) 1+tan*@ _  sec*® _ 0529
1+ cot?0 cosec? B 1
sin? @
. 29 : 2
A 12 . Sin =(sm6] = e,
cos< 0 1 cos B
. "1_ sin® ¥ ([ cos@-sinB Y
Alupis | L=tEan0yE cos® | _ cos 6
1-cot® T cos 6 sin @ — cos®
\; sinB ) \ sin 6 Y,
r (_ sinf—cos® ,  sin@ T i {# sin O ]2
cosB sinB — cos B cos B
= (—tan 0)% = tan® 6.
) ! 2
1+tan26 _ [1 tanﬁ] a2 b,
1+ cot= 0 1—cotO
i sin A—sinB cos A —-cosB
I HES = +
(”) 5 cos A+cosB sin A +sin B

(sin A —sin B) (sin A + sin BB,.I-_F_(‘.;:@S A — cos B) (cos A + cos B)
(cos A +cas B)(sin A + sin B)

I

(sin? A —sin? B) +(Q932A — cos” B)
(cos A + cos B)(ﬁmﬁ + sin B)

(sin® A + cos® gk?) — (sin? B + cos* B)
(cos A + cos B) (sin A + sin B)

1]

1-1
(cos A + cos B) (sin A + sin B)

= == R.ELE:

Example 14. Eliminate 6 between the equations :

x=acos O +bsin6 y=asin6—Dbcos 6.
Solution. Given x = a cos 6 + b sin 6 ieill)
and y = asin ®—bcos 6 (e
Squaring (i) and (if) and adding, we get

X%+ y? = a® cos? O + b? sin? O + 2ab sin 6 cos O + a* sin® O
+ b% cos? O — 2ab sin 6 cos 6

a® (cos? O + sin? 0) + b2 (sin® O + cos® 6)
a2.1+b*.1

= x2 + y2 = a® + b?, which is the required eliminant.
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Example 15. Eliminate 6 between the equations :
cosec B + cot @ = p, cosec 6 — cot 6 = g.
Solution. Given cosec 8 + cot & = p y & ss(8)

and cosec O —cot 6 = ¢ .. (if)
Multiplying (i) and (i), we get

(cosec B + cot 0) (cosec 8 — cot 8) = pg
= cosec? 6 — cot? 6 = pg

= 1 = pg, which is the required eliminant.

Example 16. If cos 0 + sin 6 = m and sec 6 + cosec 8 = n, prove that n(m?2 — 1) = 2 m.

Solution. Given cos 6 + sin 6 = m St

and . sec O + cosec O = n ...(11)
e 1 Yy

From (i1), we get ey e

= sin © + cos ® = n sin 6 cos O

=3 m = n sin 6 cos 0 (Using (7))

= sin 0 cos 8 = = «oi{1ET)

Mn

On squaring (i), we get cos? 8 + sin? 6 + 2 sin 6 cos 8 = m?

1

B L iy iy (Using (ii))
= — =m?-1 = nm?-1) = 2m, as requ:ire;d.

Example 17. Without using tables, firid the value of :
14 sin 30° + 6.€05%60° — 5 tan 45° (2004)
Solution. 14 sin 30° + 6 cos 60% =5 tan 45°

A Uy, WA

2 2

=7+ 3—5=5.

Example 18. Without using mathematical tables, find the value of x if :
cos x = cos 60° cos 30° + sin 60° sin 30° (2005)

Solution. Given cos x = cos 60° cos 30° + sin 60° sin 30°
— o5 X = —. “E+‘E.—1--

22 2 2
= 008X = V3'+ ‘/_ 2¢3

4 4

= C0S X = —£ — AT =

Example 19. When 0° < 6 < 90°, solve the following equations :

cos 6 cos 8

(1) — — =4

1-sin® 1+siné

(il cos® 0 —3cos0+2 A

sin’ @
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Solution.

-:'-'Giv- cas.B cos 0 b
(i) Mt 1—-5m0+1+sin9

cos 6 (1 + sin 8) + cos 8 (1 — sin 0)

=h = 4
1-sin? 0
==y @:4:&159:—1—
cos“ 0 2
=3 0= 60>

2
(H.) Given cos“ 0 —-3cosB+2 =1
sin? @

cos? © — 3 cos O + 2 = sin? @
cos? 0 -3cos @ +2=1-cos?0
2c0s*0®-3cos0+1=0
(2cos@—-1)(cos®-1) =0

c056=-;—orc059=1

0 =60° or 6 =0°but 0° <06 < 90°
0= 60°.

i1 40 0841

Exercise 19.1 &
_ Prove the following trigonometrical identities (1 to €0)":
Ry 1 {40).8in0 -':c@ft © + sin O cosec 6 =1 + cos 0

() : =1 X?m49+cos49 + 2sin% 0 cos? © = 1.

r 1+tan39 1+ cot? 8

_2%2-.‘ (f)catzA—m &+1 s y(u) secA(l—smA)(secA+tanA)-

3' (ﬂ 1 -+ 1 = &gﬁ A (i) ! + _ 1 = 2 sec A.

1+m& 1-cosA secA +tanA secA —tanA

:“‘1:. _ i ‘Smﬁ = 1 msA ' v i..‘-ta_nz A 5 2 A
: &0 1+cosA  sinA . B an
(2008)
=1_1-c0sA 500 tan?0 1+ cosB
EEC&“I'i 1+cos A (ZOU?) (15) (SECB 1)2 1-cos@ (2012)
(2005)
_(11) il + BOR = 2ieatec A

secA -1 seéA' +1

‘ L 2 cnszA 1
- sec® A 1 hA—t = .
A (:) co an A . smA cos A

sin2 @
Eﬂﬁﬂn&h&

~am9+mn9

TRIGONOMETRICAL IDENTITIES 0



e i

9. (iilia o ST | (2001)

1+ sin 6 |
I
e 1-cosA sin A ' _
= , - (2013
(1) \[1 +cosA 1+cosA ( )
S i 5o . sinBtan6 _
10. (1) Jl—cnse = cosec O + cot 6 (1) i NG 1 + sec 6. (2006)
1. (7) Ll Ly (cosec A — cot A)? (21) COSA_mtA =1 + cosec A.
1+ cos A 1-sinA
12. (i) sin*® —cos*®=1-2 cos* 6 (if) sec* @ —tan* 8 = 1 + 2 tan? 6.

13. sin® O + cos® @ = 1 — 3 sin? O cos? 6.

L.H.S. = (sin? 0)3 + (cos® 0)°
= (sin? @ + cos2 0)? — 3 sin? O cos? O (sin? © + cos? 6),
ad + b3 = (a + b)3-3ﬂb(ﬂ + b).

1+tanA+1+c0tA
sin A cos A

14. (1) = 2(sec A + cosec A)

(i) (sin A + cosec A)? + (cos A + sec A)? = tan? A + cot* A + 7.
15. (i) cosec® A — cot® A = 3 cot® A cosec® A + 1

(ii) sec® A —tan® A =1 + 3 tan? A + 3 tan* A@I \

. cotB@+cosecO—-1 1+ cosO N U “sin 0 sin 6
l6- Wie) cot®@—cosec@+1  sin® (Hf) Et}t B + cosec 6 =44 cot  — cosec B
17. (i) (sin © + cos ) (sec 8 + cosec 0) i—-é 2+ sec O cosec 6
(i) (cosec A —sin A) (sec A —cos A aec?f A =tan A - (2011)

(iif) (cosec 6 — sin 0) (sec 6 — c&s‘@)’ (tan © + cot 6) = 1.

sin® A + cos® A L sin? ﬁftm§‘3 A

18. (1) ShA L oS A sin A& tos A 2
(1) 1?;1?;& 3 1?;?;\ -

19. (1) secAitan A -CU:}A B cniA Fsecﬁitan A
) SALED o A tan B

o) 212
(iii) tan? A — tan?B = 2= A-Sil B _ gec? A — sec?B.
cos® A cos* B

-

~ secB@-1 " 2 . tanB+sin® secB+1
iz A9 secO+1 ool (17) tan@—-sin® secO8-1

Eliminate 6 between the equations (21 to 23) :
21. x =asec 6, y = b tan 6. '
" 22.x=h+acos 8, y=k+ bsin 6.
23. sec ® + tan 8 = m, sec B — tan O = n.
24. 1f 2 sin A — 1 = 0, show that sin 3A = 3 sin A — 4 sin° A.
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525 (@ 2sin’0= 2
i

26. (i) 4cos28-3=0
27. ()2 cos @ +sin@®-2=0

When 0° < 8 < 90°, solve the following equations (25 to 27) :

(if) 2 cos 30 = 1.

(if) sin2 @ — % sin 0 = 0.

(i) 3 cos 6 = 2 sin? 6.

19.3 TRIGONOMETRICAL RATIOS OF COMPLEMENTARY ANGLES

| :
i Complementary angles. Two angles are called complementary if the sum of their measure is 0%

| Trigonometrical ratios of complementary angles

Let OMP be a right angled triangle at M and ZMOP = 6, then
180° — (LZOMP + Z/MOP)
180° — (90° + 6) = 90° — .

£MPO

—_—

' 6L gy = SM _
(1) sin (90° — 0) = op = 08 0.
o - MP _ 5
(2) cos (90° — 0) = Sp in 0. 5
o = OMI
(3) tan (90° — 0) = T cot ©.
o ) = ME
(4) cot (90° — 0) = L tan 6. 9
o ~ DBt : 2 M
(5) sec (90° — 0) = Mp - Coset 0
o = OF .
(6) cosec (90° — 6) = ST G
Hence, sin (90° - 0) = cos'®
cos (90° — 0) = sin O
tan (90° - 0) = cot ©
cot (90° - 0) = tan 6
sec (90° — 8) = cosec O
cosec (90° — 0) = sec 6.
ILLUSTRATIVE EXAMPLES
Example 1. Without using trigonometric tables, evaluate :
.. sin 23° ... tan 65° Jiys COBEC 31°
® cos 67° (1) cot 25° (1) sec 59°
Solution.
sin 23° sin 23° _ sin 23° 1 5 A - S O
(1) cos 67° ~ ¢cos(90°—23°)  sin 23° | (*.: cos (90° — ) = sin 6)

APC
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it tan 65° tan 65° tan 65°
= = .+ cot (90° — B) = tan 6
(1) cot 25° cot (90° - 65°) tan 65° ( ( ) )

= 1
.~ cosec31° _ cosec(90°-59°) sec59° . B LA A
) = = T S (- cosec (90° — 0) = sec 0)
= 1.

Example 2. Without using trigonometric tables, evaluate :
(1) sin 18° — cos 72°
(11) sin 35° sin 55° — cos 35° cos 55°
(i11) 3 cos 80° cosec 10° + 2 sin 59° sec 31° - (2013)
Solution.
() sin 18°—cos 72° = sin 18° — cos (90° — 18°)
= sin 18° — sin 18° = 0.
(11) sin 35° sin 55° — cos 35° cos 55°
= sin 35° sin (90° — 35°) — cos 35° cos (90° — 35°)
= sin 35° cos 35° — cos 35° sin 35°
=% 0%
(i11) 3 cos 80° cosec 10° + 2 sin 59° sec 31°
= 3 cos 80° cosec (90° — 80°) + 2 sin 59° sec (90° — 59°)
= 3 cos 80° sec 80° + 2 sin 59° cosec 59°

| N\ 1
= 3 cos 80° x cos 80° a3 25111 59‘2‘I X sin 59°
= 3X1+2x1=3.4 25

Example 3. Without using trigonometric tables, evaluate :

. 2tan 53° . cot 80° 2006
@) cot 37°  tan 10° ' (2006)
(i) SM80° | sin 59° AN (2007)
cos 10° -
Solution.

(i) 2tan53°  cot 80° 2tan (90° - 37°) _ cot(90° —10°)
cot 37° tan 10° cot 37° tan10°
2cot37° tanl10°
cot37°  tan10°
=2%1=-1=2=1= 1.
80° sin (90° — 10°)

(i) ==—— + sin 59° sec 31°= + sin (90° — 31°) sec 31°
cos 10° cos 10°
= el + cos 31° sec 31°
cos 10° .
=1 + cos 31° x .

cos 31°
=141 =2, ’

Example 4. Without using trigonometric tables, evaluate :
(1) sin® 38° + sin® 52°

- o \2 o\
(ii) [5‘""7] +(“‘”4“"] — 4 cos? 45°

cos 43° sin 47°
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Solution.
(1) sin® 38° + sin? 52° = sin? 38° + sin? (90° — 38°)

= sin® 38° + cos?® 38°

(1

g = 1. (. sin20 + cos? 0 =1)
. (sin47°\* ([ cos 43°) e
(11) (COS 43.,] +(sin 47:_] — 4 cos” 45
_ [ sin (90° — 43°) . cos 43° - bk - pie, &
; ( cos 43° ] +[sin(9ﬂ°-43°>] ‘4‘[ﬁ] [ e "W]

2 2
_ [ cos 43° cos43°)" , 1
i (cus43°) +[cos43°) 4'2
= e Ja—2=T+1-=2%=0.

Example 5. Without using trigonometrical tables, evaluate :

(1) -g-cosecz 58° — —‘;—cot 58° tan 32° - % tan 13° tan 37° tan 45° tan 53° tan 77°

cosec70° sec 70°

o 'z [=] 2
(i) [‘“"20 J +(“’* 20 ) + 2 fan 15° tan 45° tan 75°
Solution. |

(1) —(:u':}sa:a'o:2 58° — Ecot 58° tan 32° — itan 13° tan 37° tan 45° tan 53° tan 77°

Ecosecz 58° — —cot 58° tan (90&’3@;)

- 2 tan @{bn 37°. 1. tan (90° — 37°) tan (90° — 13°)

= %cmaesc2 58° — = ot 58° — —tan 13° tan 37° cot 37° cot 13°
= %(msec2 58° Q:.; 58°) — — tan 13°.1.cot 13°
= 3.1-_5-.1=_--=-1

3 3 3 3

o 2 0 2
(11) [ it zgoo] +(C°t§go] + 2 tan 15° tan 45° tan 75°
cosec sec

2 2
[ feut 20 ] +[ oty J + 2 tan 15°.1. tan (90° — 15°)
cosec (90° - 20°) sec (90° — 20°)

6 \2 o \°
(“"‘2“ ) o[ —t20° ) L 5 tan 15° cot 15°
sec 20° cosec 20°

o 2 ’ 2
(Emzo .cos.?.[l“] +(C°SZD sm20°] + 2.1

cos 20° sin 20°
= sin? 20° + cos? 20° + 2
= 14 2=23.

Example 6. Express (sin 85° + cosec 85°) in terms of trigonometric ratios of angles between
0° and 45°.
Solution. sin 85° + cosec 85°

sin (90° — 5°) + cosec (90° — 5°)
cos 5° + sec 5°.
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Example 7. Prove the following : ineijule @iy
sin (90° - A) sin A 2 IS A |

. . — Z
(i) —v 1 sin? A
sin A cos A 9
1l = S¢ A.
W) o o e
Solution.
. _ sin(90°-A)sinA . cosAsin A ,
() LHS. = T L=y 1 N
cos A |
= cos? A-1=-(1-cos? A) ie
= —sin? A = RHS, |
s sin A cos A
@ LHS. = o e A a0 A)

sin A +cosA = sin? A +cos? A
cos A sin A cos A sin A .

! - = sec A cosec A = R.H.S.

cos A sin A

Example 8. If sin 54° cosec (90°— 6) = 1, find the value of 6, 0° < 6 < 90°.
Solution. Given sin 54° cosec (90° — 6) =

= sin54°secf=1 = sin54° = —> &
sec 6 Q

= sin 54° = cos 8 = sin (90° — 36°) = cosQJ
=508, 26%="C08\DY =1 D=0

o e e e m§ O S Bl e —— T . e

Without mmg '=s ometric tables, eval

t::ﬁJ .1"- g
J‘J.':Fj"x.'- = .'




6. Express each of the following in terms of trigonometric ratios of angles between

0° to 45° :
(/) tan 81° + cos 72° (if) cot 49° + cosec 87°.
Without using trigonometric tables, prove that (7 to 11) :
7. (i) sin% 28° — cos? 62° = 0 (if) cos? 25° + cos* 65° = 1
(i11) cosec? 67° — tan? 23° = 1 (iv) sec? 22° — cot® 68° = 1.

8. (i) sin 63° cos 27° + cos 63° sin 27° = 1
(11) sec 31° sin 59° + cos 31° cosec 59° = 2.
o) (i) sec 70° sin 20° — cos 20° cosec 70° = 0
(i) sin? 20° + sin? 70° — tan® 45° = 0.

cot 54° tan 20° W
10. @) fan 36° ~ cot70° 2=10

sin 50 5 cosec 40 _ 4 cos 50° cosec 40° + 2 = 0.
cos 40° sec 50°

(i)

+ €o870° . cos59° . Dm0
1. &) S 8 sin® 30° = 0

(i) 580 | cos 59° cosec 31° = 2.

sin 10°
12. Without using trigonometrical tables, evaluate :
A 0 \2 g
(i) 2 (tanSE ] +[cot55 ] _3[ sec 40 ) (2011)
cot 55° tan 35° cosecb0®

sin 35° cos 55° + cos 35° sin 55°
cosec?10° — tan? 80°

(1)

13. Prove the following :

(2010)

; cos © sin © <
(@) sin (90° — 0) " cos (90° —8) ) -

(if) cos @ sin (90° — 6) + sin 6 cos (90° — 8) =1

0 tan 0 sin (90°-0) _
(i) an (90° =) e = sec? 0.

14. Prove the following :

cos (90° — A) sin (90° - A) _
(¥ tan (90° — A) A

— cos? A

. sin(90°—A) cos(90°—A) _
B e 00 - B} sec(90°—A) -

15. Simplify the following :

cos 6 cos (90° — 0)

_ 3 tan? 30°
0 e -9 * secEr9) > v o0

(i) £5eC (90° — ©)sin(50° - 6)cot(90°-6) _ cot
cos (90° — 8) sec(90° — B) tan 6 tan (90° - 0)

[ 16. Find the value of 6 (0° < 6 < 90°) if :
|
|

(i) cos 63° sec (90° - 6) = 1

& (ii) tan 35° cot (90° — 0) = 1.
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CHAPTER TEST

Prove the following trigonometric identities (1 to 7) :

) A
() A, SR
1-sinA 1+4+sinA

(i St LSO e
cosec A+1 cosecA -1

i (Cose—smzﬁ)(1+t3n9) Ly
2cos“6 -1

(

sin® — 2sin> 0

i = tan 6.
(&) 2c0s3 0 — cos

(i) sin® O + cos* O = cos? O + sint O
e cot O cosecH +1

1 =28 :
( ) cosec B +1 cot 6 ec ©

(i) sec* A(1 —sin* A) -2 tan? A =1

) e pecag
sinA+cosA+1 sinA+cosA-1

(i) sect* A (1 - sin* A) = sec* A — tant A
= (sec? A + tan? A) (sec A= tan? A)
= ((1 + tan® A) + tan? A).1

40

5.

6.

= sec A + cosec A.

=1 + 2 tan? A.
(I') 1+C05.x_' tanzx
l-cosx (secx-1)>2
.« tan? x cosec? x 1
(i1) 2 LRy N~ i 7"
tan“x—-1 sec“x-—cosec’x sin“x-—cos“x

(i) tan A i cot A
l1-cotA 1-tan A

=1 + sec A cosec A

(i1) (sec A — cosec A) (1 + tan A + cot A) = tan A sec A — cot A cosec A.
7. 2(sin® 6 + cos® ) — 3 (sin? B + cos* ) + 1 = 0.

Eliminate 6 between the equations (8 to 9) :
8. tan O + sin 8 = m, tan 6 — sin O = n.

Add and subtract the given equations to find tan 8 and sin 8. Take reciprocals to |
0 —cot?0 = 1.

find cot 8 and cosec 6 and use cosec?

9. cot O + cos O = m, cot © — cos 0 = n.
When 0° < 8 < 90°, solve the following equations (10 to 13) :

10. (1) 3 tan? 28 = 1
11. (i) sec2® — 2 tan 8 = 0

UNDERSTANDING ICSE MATHEMATICS - X

(ii) 3 cosec? 36 = 4.
(ii) tan? 6 = 3 (sec 6 - 1).

by gy i s e —— e o

———
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. 2 cosec B = 3 sec? 0.

31 ab
sin®  cos? @
| = 2(1-sin?0) =3sin® = 2sin?20 +3sin6-2=0.

= 2 c0s* 0 =3 sin O

Given equation is

. 3 tan © + cot © = 5 cosec 0.

5i119+c058_ 5

1 cos® sin® sin 6

.h = 3sin*0 + cos*0 =5cos8 = 3(1 -cos?20) +cos?O=>5cos 0
1 = 20’0 +5cosO-3=0.

Given equation is 3.

- 14. Without using trigonometrical tables, evaluate the following :
l- | (i) sin? 28° + sin? 62° — tan? 45°
(i) 2 cos 27° . tan 27“
sin 63°  cot 63°
(1i1) cos 18° sin 72° + sin 18° cos 72°
(1v) 5 sin 50° sec 40° — 3 cos 59° cosec 31°.

 15. Prove the following :

+ cos 0°

) 9
)

| . O, 0. = tan A
(1) sin (90° — A) cos (90° — A) TR,

cos(90° — B)sec(90° - B)tan 6 _;;“;1:5?1(90‘*-9) i
cosec (90° — 8) sin (90° — 8) cot (995.--.__,@,;}- ¢ cot 8

Y. :
HowIng equations :

(1)

(i) sin 3A = cos 2A m:’ (i) tan 5A = cot A.

(1) sin 3A = cos 2A = sin 3A = sin (90° - 2A) = 3A = 90° - 2A.

K ~ 17. Find the value of 6 if
[ | (1) sin (B + 36°) = cos 6, where 6 and 6 + 36° are acute angles.
& | (if) sec 40 = cosec (6 — 20°), where 46 and 0 — 20° are acute angles.
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