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15.1 LOCUS

The locus of a point is the path traced out by the point moving under given geometrical condition
(or conditions).

Alternatively, the locus is the set of all those points ich satisfy the given geometrical
condition (or conditions). Q

For example : S ,
1. Leta point P move in a plane such it

2. Let a point P move such that its distance from a
fixed line (on one side of the line) is always equal
to d. The point P will trace out a straight line AB
parallel to the fixed line.

Thus, the locus of a point P is the straight line AB FIXED LINE
(shown in the adjoining diagram).
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" ) To find the locus of a moving point, plot some points satisfying the given geometrical
*] condition (or conditions), and then join these points.

7 In a theorem on locus, we have to prove the theorem and its converse.
- 7 The plural of locus is ‘loci’ and is read as ‘losai’.

15.2 THEOREMS ON LOCUS

Theorem 24. The locus of a point, which is equidistant from
two fixed points, is the perpendicular bisector of the line segment /
joining the two fixed points. i

>

b
-

Given. Two fixed points A and B, P is a moving point /
such that AP = BP. 2

To prove. P lies on the perpendicular bisector of the line
segment AB.

Construction. Join AB, let M be mid-point of AB and join MP.

,ﬁ
ekl P B §

Proof. Statements Reasons

In As PAM and PBM
1. AP = BP 1.
2. AM = MB 2.

MP = MP 8

A PAM = A PBM 4.

ZAMP = ZPMB 5. ‘c.p.cdN

. ZAMP + Z/PMB = 180° 6. AM@AS a st. line.

ZAMP = 90° % @Etom 5 and 6.
. MP is the perpendicular N

bisector of AB.
Hence, P lies on the perpench%ﬁr

bisector of AB. Q

Given.

M is mid-point of AB (construction).
Common.

S.S.S. axidm of congruency.

NG e W

Conversely, any pomt on the perpendicular bisector of a line segment e
joining two fixed points is equidistant from the fixed points. PAl
Given. Two fixed points A and B, MQ is perpendicular bisector f," E‘\
of AB and P is any point on MQ. w1
/ \
To prove. AP = BP. ,’f i \
/ | \1.,
Construction. Join AP and BP. AL = . \p
¥
Proof. Statements Reasons
In As PAM and PBM
1. AM = MB 1. M is mid-point of AB (given).
2. ZAMP = ZPMB 2. MP L AB (given)
= ZAMP = 90° = ZPMB.
3. MP = MP 3. Common.
4. APAM = A PBM 4. R.H.S. axiom of congruency.
5. AP = BP 5. cpct.

APC Locus  Jh5



| |

Conclusion : From the above theorem and its converse, it follows that the locus of a point,
which is equidistant from two fixed points, is the perpendicular bisector of the line segment joining
the two fixed points.

Theorem 25. The locus of a point, which is equidistant from .
two intersecting straight lines, consists of a pair of straight lines
which bisect the angles between the two given lines.

Given. Two st. lines AB and CD intersecting at O. P
is a moving point such that MP L OB, NP L OD and
MP = NP.

To prove. P lies on the bisector of ZBOD.

Construction. Join OP.

Proof. Statements Reasons

In As OMP and ONP

1. MP = NP -+ 1. Given.

2. ZOMP = ZONP 2. MP 1L OB, NP 1 OD (given)
= LOMP = 90°, ZONP =.90°.

G OF =P 3. Common.

4. A OMP = A ONP 4. R.H.S. axiom of congruency.

5. ZBOP = ZPOD B ‘cpiciEs.

P lies on the bisector of ZBOD.

Similarly, if P* is a moving point such that
M'P’ L AO, NP’ L OD and M’P’ = N’P’, then P’ dies
on the bisector of ZAOD.

Conversely, any point on the bisector of an angle is
equidistant from the arms of the angle.

Given. Two st. lines AB and CDiintersecting at
O. P is a point on the bisector of ¥’BOD, MP 1 OB
and NP L OD.

To prove. MP = NP.

Proof. Statements Reasons
In As OMP and ONP
1. ZMOP = ZNOP 1. P lies on bisector of ZBOD (given).
2. ZOMP = ZONP 2. MP 1 OB, NP L OD (given)
=5 ZOMP = 90%, ZONP = 908
3. 0P = @F 3. Common. .
4. A OMP = A ONP 4. A.A.S. axiom of congruency.
5. MP = NP SN e ek

Similarly, if P’ is a point on the bisector of ZAOD and M'P’ 1 AO, NP’ L OD, then
M'P" = N'P.

Conclusion : From the above theorem and its converse, it follows that the locus of a point,
which is equidistant from two intersecting straight lines, consists of a pair of straight lines which
bisect the angles between the two given lines.
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15.3 LOCUS IN SOME STANDARD CASES

1.

The locus of a point, which is equidistant from two
fixed points, is the perpendicular bisector of the line
segment joining the two fixed points.

The locus of a point, which is equidistant from two
intersecting straight lines, consists of a pair of
straight lines which bisect the angles between the
two given lines.

3. The locus of a point, which is equidistant from two

APC

parallel straight lines, is a straight line parallel to
the given lines and midway between them.

The locus of a point, which is at a given distance
from a given straight line, consists of a pair of
straight lines parallel to the given line and at a
given distance from it.

The locus of the centre of a wheel, which moves on
a straight horizontal road, is a straight line parallel
to the road and at a distance equal to the radius of
the wheel.

The locus of a point, which is inside a circle and is
equidistant from two points on the circle, is the
diameter of the circle which is perpendicular to the
chord of the circle joining the given points.

The locus of the mid-points of all parallel chords of
a circle is the diameter of the circle which is
perpendicular to the given parallel chords.

The locus of a point (in a plane), which is at a given
distance r from a fixed point (in the plane), is a
circle with the fixed point as its centre and radius r.
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9. The locus of a point which is equidistant from two / N\ LOCUS

given concentric circles of radii r; and r, is the circle (
L grm_, E S . g oal
= tric with the given es. It
of radius >~ concentric wi e given circl \ /

lies midway between them.

LOCUS
10. The locus of a point which is equidistant from a ( \(—'
given circle consists of a pair of circles concentric #
with the given circle. \ !
g
= Bl
77 o N, Locus
' ff \*_I
11. If A, B are fixéd points, then the locus of a point P al B
such that ZAPB = 90° is the circle with AB as !
diameter. h v

LOCUS
12. The locus of the mid-points of all equal chords of a

circle is the circle concentric with the given cigcle
and of radius equal to the distance of equal &s

from the centre of the given circle. (JQ
o
N
13. The locus of centres of circle ifng a given line
PQ at a given point T on the straight line

perpendicular to PQ at TQ

m T T T T T IR T AT RN T e e
. ¥ L

The problems on locus, concerning circle, should be
attempted after learning chapter 16 on circles. ) SR
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ILLUSTRATIVE EXAMPLES

Example 1. Find a point P in a given line CD which is equidistant from two fixed points
A and B.

Solution. Let the given line CD and the fixed
points A, B be as shown in the figure along side. P

Join AB and construct perpendicular bisector of x
AB.

As P is equidistant from the points A and B, it lies
on the perpendicular bisector of AB. Also the point P
lies on CD, therefore, the required point P is the point
of intersection of the perpendicular bisector of AB
and the line CD.

> .
w
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Example 2. Find a point P which is equidistant from three given non-collinear points.

Solution. Let A, B and C be three given non-

C
collinear points as shown in the figure alongside.

As the point P is equidistant from the points A
and B, it lies on the perpendicular bisector of AB.
Also as the point P is equidistant from the points B / <
and C, it lies on the perpendicular bisector of BC.
Construct perpendicular bisectors of AB and BC.
Then the required point P is the point of
intersection of the perpendicular bisectors of AB
and BC.

X

Example 3. Construct a triangle ABC in which BC = 5 cm, CA = 4:6 cm and AB = 3-8 cm.
Find by construction a point P which is equidistant from BC and AB, and also equidistant from
B and C. A

Solution. Construct A ABC with the given data.

As the point P is equidistant from the intersecting lines
BC and AB, it lies on the bisector of ZABC. Also as the
point P is equidistant from the point B and C, it lies on the
perpendicular bisector of the line segment BC.

Construct bisector of ZABC and the perpendicular
bisector of BC. Then the required point P is the point of B C
intersection of the bisector of ZABC and the perpendicular
bisector of BC.

\V
/I

Example 4. Construct ZAOB = 60°SMark a point P equidistant from OA and OB such that
its distance from another given line CiN8 2:5 cm.

B

Solution. Construct ZAOB ='60% as shown in the figure.
As the point P is equidistant from the intersecting lines OA
and OB, it lies on the bisector of ZAOB. Construct OE, the
bisector of ZAOB.

Let CD be the other given line. Take any point N on CD
and draw a perpendicular MN to CD. Cut off NF = 2:5 cm,
and through F draw a st. line GH parallel to CD. Let GH ¢

meet OE at point P. Then P is a required point which is
equidistant from the lines OA and OB, and is also at a
distance 2-5 cm from another given line CD.

| If we draw GH Il CD on the other side of CD, then GH will intersect OE at some
l other pomt say Q Thus, we get one more point satlsf}nng the given conditions.

—— ot e

Example 5. Construct trmngle BCP where BC = 5 cm, BP = 4 cm, £PBC = 45°. Complete
the rectangle ABCD such that

(i) P is equidistant from AB and BC; and
(ii) P is equidistant from C and D.
Measure and record the length of AB. (2007)
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Solution. Steps of construction. a &
1. Construct A BCP with the given data. v o

2. Since P is equidistant from AB and BC, P lies on
the bisector of ZABC. But ZCBP = 45°

therefore, A lies on the perpendicular to CB at B. e =l
Construct BQ 1 CB.

3. Construct CR L CB. -

4. Since P is equidistant from C and D, PD = PC.
With P as centre, radius equal to CP, draw an g
arc to meet CR at D. k )\

5. With B as centre, radius equal to CD, draw an G 2
arc to meet BQ at A. Join AD.

Length AB = 57 cm approximately.

Example 6. Construct a triangle ABP such that
AB = 5 cm, BP = 3 cm and ZABP = 30° Complete C
rhombus ABCD such that P is equidistant from AB and BC.

Locate the point Q on the line BP such that Q 1is
equdistant from A and B.

Solution. Steps of construction.

1. Construct A ABP with the given data.

2. Since P is equidistant from AB and BC, P lies

on the bisector of ZABC. But ZABP = 30°,
therefore, construct ZABR = 60°. Cut off
BC = 5 cm from BR. N\
3. Complete rhombus ABCD. T
4. Since Q is equidistant from A and B, draw perpendicular bisector of AB. The point
of intersection of the right bisector of AB and the line BP is the required point Q.

Example 7. Use graph paper for this queStion, Take 1 cm = 1 unit on both axes.
(i) Plot the points A(1, 1), B(5,%8)%nd C(2, 7).
(i) Construct the locus of poiptssequidistant from A and B.
(iii) Construct the locus of\goirts equidistant from AB and AC.
(iv) Locate the point P such that PA = PB and P is equidistant from AB and AC.

(v) Measure and record the length PA in cm.
Solution. Take 1 cm = 1 unit on both axes. N e
e e HE et
(i) Plot the given points A(1, 1), S EarEEe T
B(5, 3) and C(2, 7). ity HErEes
(if) As the locus of points equi- L ettt
distant from A and B is the right 2 EEagiaT {abiiiagnnast
bisector of AB, so construct the i iissids it iets
] I of A B LR S
1 ] RN R ma s
right bisector of segment AB. i i
(iii) As the locus of points equi- i HEEIERE : f:}f;ii:
distant from AB and AC is the S Saiiaaans ra SR R
bisector of ZBAC, so construct ST i e (Ealiﬁ+
. EansmaEsAn ] HEERIvs. <uE AMwRAN wlaX A4 R ASHO TN SEHAN
the bisector of ZBAC. i Sieiais /st B e e
SR R e N e
(iv) P is the point of intersection of Fixa;Rabaasais S gEReisRa s LE_,;H,H i
. . o g B A e e e e b b s e e
the right bisector of the segment S i St
AB and the bisector of ZBAC. e R
é:.‘f'f;'::frﬂii‘ :;: HEH '}.,‘_J.“J;" J'I 3 ”__:; 3
= ; SSOETHI (2 S 4 TS %
(v); Length EA = ~aichispits A S N s sk ad i aarsinins
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Example 8. Using ruler and compasses only :
(i) Construct a triangle ABC with BC = 6 cm, ZABC = 120° and AB = 3-5 cm.

(i) In the above figure, draw a circle with BC as diameter. Find a point ‘P’ on the
circumference of the circle which is equidistant from AB and BC.

(1ii) Measure £ BCP. (2013, 05)
Solution. Steps of construction.

1. Construct A ABC with the given data.

2. Draw right bisector of BC to meet it at M. With
M as centre and radius BM, draw the circle.

3. As P is equidistant from AB and BC. Draw
bisector BQ of Z ABC.

4. Let BQ meet the circle at P, then P is the
required point.

On measuring, we find that ZBCP = 30°.

Example 9. A is a fixed point on the circumference of a circle of radius 2-5 cm with centre O.
M is mid-point of a variable chord AB. State the locus of M and justify your answer.

Solution. Draw a circle of radius 2-5 cm with centre O. A is fixed point and AB is a
chord. M is mid-point of AB. Locus of M is a circle with,OA as diameter.

Justification

Join OA, OB and OM.

In As OAM and OBM,

AM = MB (** M isymid-point of AB)

B
OA = OB : (radii of circle) l
and OM is common A

= A OAM = A OBM

= £ZAMO = ZOMB

but ZAMO + ZOMB = 180° (- AMB is a straight line)

= ZAMO = 90° = M lies on a circle with OA as diameter.

Example 10. If the diagonals of a quadrilateral bisect each other at right angles, prove that the
quadrilateral is a rhombus.

Solution. Let ABCD be a quadrilateral in which the diagonals AC and BD bisect each
other at right angles. Since A lies on the perpendicular bisector of BD,

AB = AD sei(l)
Similarly, BC = CD ...(11) D c
Also B lies on the perpendicular bisector of AC,

AB = BC ...(111)

From (i), (i7) and (iii), we get
A= BC = CD.= AD
= ABCD is a rhombus.
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Example 11. If the bisectors of ZA and £B of a quadrilateral ABCD intersect each other at
the point P, prove that P is equidistant from AD and BC.

Solution. From P, draw PM L AB, PN 1L BC and PL 1 AD.

Since P lies on the bisector of ZA, MP = LP (1) D
Also P lies on the bisector of £B, /\ c
MP = NP ... (i) |_I . N
From (i) and (i1), we get
LB =NE
— P is equidistant from AD and BC. A - A

Exercise 15

1. A point moves such that its distance from a fixed line AB is always the same.
What is the relation between AB and the path travelled by P ?

2. A point P moves so that its perpendicular distances from two given lines AB and
CD are equal. State the locus of the point P.

3. Pis a fixed point and a point Q moves such that the distance PQ is constant. What
is the locus of the path traced out by the point Q ?

4. (i) AB is a fixed line. State the locus of the pointL’ so that ZAPB = 90°.
(ii) A, B are fixed points. State the locus of P so\that ZAPB = 60°.
5. Draw and describe the locus in each of the folloewing cases :
(i) The locus of points at a distance 2:5emefrom a fixed line.
(ii) The locus of vertices of all isoscelés ‘triangles having a common base.
(iii) The locus of points inside q@;gj@md equidistant from two fixed points on
the circle. Ny
(iv) The locus of centres of_aﬂg-ﬁféles passing through two fixed points.
(v) The locus of a point thombus ABCD which is equidistant from AB and
AD.

(vi) The locus of a point in the rhombus ABCD which is equidistant from points
A and C.

6. Describe completely the locus of points in each of the following cases :
(i) mid-point of radii of a circle.
(ii) centre of a ball, rolling along a straight line on a level floor.
(iii) point in a plane equidistant from a given line.
(iv) point in a plane, at a constant distance of 5 cm from a fixed point (in the
plane).
(v) centre of a circle of varying radius and touching two arms of ZABC.
(vi) centre of a circle of varying radius and touching a fixed circle, centre O, at
a fixed point A on it. _
(vii) centre of a circle of radius 2 cm and touching a fixed circle of radius
3 cm with centre O. :
7. Using ruler and compasses, construct >

(i) a triangle ABC in which AB = 5-5 cm, BC=34cmand CA=49cm.

(ii) the locus of points equidistant from A and C. S K m |
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8. Construct triangle ABC, with AB = 7 cm, BC = 8 cm and ZABC = 60°. Locate by
construction the point P such that:

(i) P is equidistant from B and C and
(zf) P is equidistant from AB and BC.
(111) Measure and record the length of PB. (2000)
9. A straight line AB is 8 cm long. Locate by construction the locus of a point which is :
(i) Equidistant from A and B.
(ii) Always 4 cm from the line AB.

(iii) Mark two points X and Y, which are 4 cm from AB and equidistant from A
and B. Name the figure AXBY. (2008)

10. Use ruler and compasses only for this question.
(i) Construct AABC, where AB = 3-5 cm, BC = 6 cm and ZABC = 60°.

(i) Construct the locus of points inside the triangle which are equidistant from
BA and BC.

(iif) Construct the locus of points inside the triangle which are equidistant from
B and C.

(iv) Mark the point P which is equidistant from AB, BC and also equidistant from
B and C. Measure and record the length of PB. (2010)

11. In the adjoining diagram, AB is a fixed line and C, D are c
fixed points. Locate the point P on the line AB such, that '

G = PP,

=

12. In the adjoining diagram, A, B and C‘&xe fixed collinear
points ; D is a fixed point outsid®, the'line. Locate D

m'\.-’

(i) the point P on AB such t]g‘at"CT’ DP.

(ii) the points Q such that CQ'= DQ = 3 cm. How many A 3
such points are possible ?
(iif) the points R on AB such that DR = 4 cm. How many such points are possible ?
(iv) the points S such that CS = DS and S is 4 cm away from the line CD. How
many such points are possible ?
(v) Are the points P, Q, R collinear ?
(vi) Are the points P, Q, S collinear ?

13. Points A, B and C represent position of three towers such that AB = 60 m,
BC = 73 m and CA = 52 m. Taking a scale of 10 m to 1 cm, make an accurate
drawing of A ABC. Find by drawing, the location of a point which is equidistant
from A, B and C, and its actual distance from any of the towers.

14, Draw two intersecting lines to include an angle of 30°. Use ruler and compasses
to locate points which are equidistant from these lines and also 2 cm away from
their point of intersection. How many such points exist ?

To find points 2 cm away, draw a circle with centre as the point of intersection

of the lines including an angle of 30° and of radius 2 cm. This circle meets
bisectors (internal and external) of angle of 30° at four points.
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15. Without using set square or protractor, construct the quadrilateral ABCD in
which ZBAD = 45°, AD = AB = 6 cm, BC = 3:6 cm and CD = 5 cm.

(i) Measure £BCD.
(ii) Locate the point P on BD which is equidistant from BC and CD.

16. Without using set square or protractor, construct rhombus ABCD with sides of
length 4 cm and diagonal AC of length 5 cm. Measure £ABC. Find the point R
on AD such that RB = RC. Measure the length of AR.

17. Without using set square or protractor construct :

(i) Triangle ABC, in which AB = 5:5 cm, BC = 32 cm and CA = 48 cm.
(i) Draw the locus of a point which moves so that it is always 2:5 cm from B.

(iii) Draw the locus of a point which moves so that it is equidistant from the sides
BC and CA.

(iv) Mark the point of intersection of the loci with the letter P and measure PC.

18. By using ruler and compasses only, construct an isosceles triangle ABC in which
BC = 5 cm, AB = AC and ZBAC = 90°. Locate the point P such that

(i) P is equidistant from the sides BC and AC.
(if) P is equidistant from the points B and C.

Draw a semicircle with BC as diameter. Draw the right bisector of BC to meet the
semicircle at A.

19. Using ruler and compasses only, construct a uadrilateral ABCD in which
AB = 6 cm, BC = 5 cm, ZB = 60°, AD = 5 cm and D is equidistant from AB and
BC. Measure CD.

20. Construct an isosceles triangle ABC suchithiat AB = 6 cm, BC = AC = 4 cm. Bisect
2C internally and mark a point P on_this bisector such that CP = 5 cm. Find the
points Q and R which are 5 cm fromPand also 5 cm from the line AB.  (2001)

21. Use ruler and compasses onl§ for this question. Draw a circle of radius
4 ¢cm and mark two chordshAB and AC of the circle of length 6 cm and
5 cm respectively.

(i) Construct the locus of points, inside the circle, that are equidistant from A
and C. Prove your construction.

(ii) Construct the locus of points, inside the circle, that are equidistant from AB
and AC.

22. Ruler and compasses only may be used in this question. All construction lines and
arcs must be clearly shown, and be of sufficient length and clarity to permit
assessment.

(i) Construct a triangle ABC, in which BC = 6 cm, AB = 9 cm, and ZABC = 60°.

(if) Construct the locus of all points, inside A ABC, which are equidistant from
B and C.

(iif) Construct the locus of the vertices of the triangles with BC as base, which are
equal in area to A ABC.

(iv) Mark the point Q, in your construction, which would make A QBC equal in
area to A ABC, and isosceles.

(v) Measure and record the length of CQ.

)]l UNDERSTANDING ICSE MATHEMATICS - X APC



CHAPTER TEST

1. Draw a straight line AB of length 8 cm. Draw the locus of all points which are
equidistant from A and B. Prove your statement.

2. A point P is allowed to travel in space. State the locus of P so that it always
remains at a constant distance from a fixed point C.

3. Draw a line segment AB of length 7 cm. Construct the locus of a point P such that
area of triangle PAB is 14 cm?

Let  be height of A PAB, then ‘li x7xh =14

4. Draw a line segment AB of length 12 cm. Mark M, the mid-point of AB. Draw and
describe the locus of a point which is

(i) at a distance of 3 cm from AB.
(if) at a distance of 5 cm from the point M.

Mark the points P, Q, R, S which satisfy both the above conditions. What kind of
quadrilateral is PQRS ? Compute the area of the quadrilateral PQRS.

5. AB and CD are two intersecting lines. Find the position of a point which is at a
distance of 2 cm from AB and 16 cm from CD.

Draw EF Il AB at a distance 2 cm, and draw GH CD at a distance 1-6 cm. Point
of intersection of EF and GH is the required.point.

6. Two straight lines PQ and PK cross eachother at P at an angle of 75°. S is a stone
on the road PQ, 800 m fromq P towards Q. By drawing a figure to scale
1 cm = 100 m, locate the positic_:xkﬁf?a flag staff X, which is equidistant from P and
S, and is also equidistant frem.the roads.

7. Construct a rhombus PQEJS” whose diagonals PR, QS are 8 cm and 6 cm
respectively. Find by construction a point X equidistant. from PQ, PS5 and
equidistant from R, S. Measure XR.

8. Without using set square or protractor, construct the parallelogram ABCD in
which AB = 5-1 cm, the diagonal AC = 5-6 cm and the diagonal BD = 7 cm. Locate
the point P on DC, which is equidistant from AB and BC.

9. By using ruler and compass only, construct a quadrilateral ABCD in which
AB = 65cm, AD = 4cm and ZDAB = 75° C is equidistant from the sides
AB and AD, also C is equidistant from the points A and B.

A P C LOCUS

213

i



	187_L
	188_R
	189_L
	190_R
	191_L
	192_R
	193_L
	194_R
	195_L
	196_R
	197_L
	198_R

