Equation of a Straight
Line

12.1 DEFINITIONS

1. Inclination of a straight line.
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The angle which a straight [iWe makes with the positive direction of x-axis measured in the
anticlockwise direction is called the inclination (or angle of inclination) of the line. The

inclination is usually denoted by 6.
In particular :
(i) Inclination of a line parallel to y-axis or the y-axis itself is 90°.
| (if) Inclination of a line parallel to x-axis or the x-axis itself is 0°.

2. Horizontal, Vertical and Oblique lines.
(i) Any line parallel to x-axis is called a horizontal line.

(i) Any line parallel to y-axis is called a vertical line.
(ii) A line which is neither parallel to x-axis nor parallel to y-axis is called an oblique

line.
3. Slope (or gradient) of a straight line.
If 6( 90°) is the inclination of a line, then tan 0 is called its slope (or gradient).

The slope of a line is usually denoted by m.
Thus, if © (# 90°) is the inclination of a line then m = tan 0.

. Since tan 0 is not defined when 6 = 90°, slope of a vertical line is not defined.
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4. Intercepts made by a line on the axes.

If a straight line meets x-axis in A and y-axis in B (shown in the figure given below), then
(i) OA is called x-intercept or the intercept made by the line on x-axis.

(i1) OB is called y-intercept or the intercept made by the line on y-axis.
The y-intercept is usually denoted by c.

(iif) OA and OB taken together in this very order are called the intercepts made by the
line on axes.

Convention for the signs of intercepts.

(i) x-intercept is considered positive if it is
measured to the right of origin and negative
if it is measured to the left of origin.
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(i) y-intercept is considered positive if it is
measured above the origin and negative if it
is measured below the origin.

____Remark _ 2
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A horizontal line has no x-intercept and a
vertical line has no y-intercept.
12.2 EQUATION OF A STRAIGHT LINE IN DIFFERENT FORMS
12.2.1 Equation of a straight line parallel to x-axis
Let AB be a straight line parallel to x-axis, thenythe
ordinate of every point on the line AB is constant,say b.
Let P(x, y) be any point on the line AB.*Efom P, draw o
PM perpendicular to x-axis, then MP =/ A - '?x‘ Y) g
.y = b, which is the required equation of the line. {
b
Corollary. The equation of x-a%isis y = 0. i
(For, if b = 0 then the line AB coincides with 5 - wb ~
I-EU(iS.) vy’ WV =

The line y = b lies above or below the x-axis according as b is positive or negative.

12.2.2 Equation of a straight line parallel to y-axis

Let AB be a straight line parallel to y-axis, then the
abscissa of every point on the line AB is constant, say a.

Y A

Let P(x, y) be any point on the line AB. From P, draw e
PN perpendicular to y-axis, then NP = x.
s . . . 3 e e JP@.y
. x = a, which is the required equation of the line. [c—a
Corollary. The equation of y-axis is x = 0.
(For, if a = 0 then the line AB coincides with y-axis.) o0 r 2
Y’ v
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The line x = a lies to the right or left of y-axis according as a is positive or negative.

12.2.3 Slope-intercept form
To find the equation of a straight line in the form y = mx + c.
Let a straight line, say AB, make an intercept ¢ on y-axis then OB = c.

Let m be the slope of the line and 8 be its
inclination, then m = tan 6 (D) YA

Let P(x, y) be any point on the line AB. From P,
draw PM perpendicular to x-axis, and from B,
draw BN perpendicular on MP.

From the figure,
BN = OM = x wlit)
and NP=MP-MN=MP-OB=y-c

AT X
Also £ZPBN = ZBAO = 6 (corresp. £s)
From right-angled A BNP,
tan 0 = (From Trigonometry)
BN
= m= 21— (Using (i), (i) and (iii))

= Yy-C=mx
— y = mx + ¢, which is the equation, of’a straight line in the required form.

12.2.4 Point-slope form

To find the equation of a straight line passing through a fixed point and having a given slope.
Let a straight line pass throughjthe fixed point A(x,, y,) and have slope m.
We know that the equation‘ef a straight line having slope m 1s
Yy =mx+cC w(1) (Art. 12.2.3)
where ¢ is unknown constant.
Since the line (i) passes through the point A(x, y;), we get
Yy = MX; +C (1)
To eliminate ¢, subtracting (ii) from (i), we get
y-y,=m(x-x)

which is the required equation of a straight line passing through the fixed point
A(x,, ¥,) and having slope m.

This is also known as one-point form.

12.2.5 Two-point form
To find the equation of a straight line passing through two fixed points.
Let a straight line pass through two fixed points A(x;, y,) and B(x,, ¥,).
We know that the equation of a straight line passing through the fixed point A(x;, y;)is
y—y, =m(x—x) cosf1) (Art. 12.2.4)
where m is unknown constant.
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Since the line (i) passes through the point B(x,, y,), we get
Yo — Y1 = m (X — Xy
Y2 — 41 : _ ....(ii)

To eliminate m, substituting the value of m from (i7) in (f), we get

= m

I

¥o =
Y=y = Xy — %, (x 1'1)
which is the equation of a straight line passing through two ﬁxed points A(x;, v,) and
B(xy ¥2)-
Corollary. The slope of a line passing through two fixed points A(x;, y;) and B(x,, y,) i
given by
42 =¥
slope = T

(The result follows from (ii) of the above article.)

We observe that the equation of a straight line in any of the above forms is a
- linear equation in x and y. Thus, the equatlon of a stralght line can be written in the
~ form ax + by + ¢ = 0. In fact, the converse is also true i.e. every linear equation in
 x and y represents a straight line. |

ILLUSTRATIVE EXAMPLES

Example 1. Find the slope of a line whose«neliwation is 60 °.
Solution. Let m be the slope of the line, then

m = tan 60° = /3. (From Trigonometry)

Example 2. Find the equation of a-straight line parallel to x-axis and passing through the point
(3, -5).
Solution. We know that the equation of a st. line parallel to x-axis is
y=b (1)
Since (i) passes through the point (3, —5), we get
-5=b teb=-
Substituting this value of b in (i), we get
y =-5 ie. y + 5 =0, which is the required equation.

Example 3. Find the equation of a straight line whose inclination is 45° and whose y-intercept
15 —3.

Solution. Let m be the slope of the line, then

m = tan 45° = 1.
Also y-intercept is — 3 i.e ¢ = — 3.

The equation of the lineisy =1 . x + (-3) y=mx+cC

e x=y=3=4.
Example 4. The equation of a straight line is 3x — 3y — 7 = 0. Find :

(i) the gradient of the line.

(i1) the inclination of the line.

(iii) the y-intercept of the line.
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~ Solution. The equation of the line is 3x - 3y - 7 = 0.
It can be written as -3y = -3x + 7

7
or y-l.x--j-.

Compaﬂngltwithy=mxic,wegetm=landc=-%.

(i) The gradient of the line = m = 1.
(if) Let @ be the inclination of the line, then
tan O =m =1 (Using (1))
= tan 0 = tan 45° = 0= 45°

(iif) y-intercept = ¢ = - %
Example 5. Find the equation of the line through (1, 3) making an intercept of 5 on the
| y-axis.
| Solution. Since the y-intercept of the line is 5, its equation is
y=mx+5 (1)
where m is unknown constant.
As the line (i) passes through the point (1, 3), we get
] 3=m.14+5 = m=-2
Substituting this value of m in (1), we get
y = - 2x + 5, which is the required equation.

‘y:mx+t:

Example 6. Find the equation of a straight with slopa— 2 and which intersects x-axis at a
J distance of 3 units to the left of origin. &
B . Solution. Here slope of the line = m = 2.
| Since the line intersects x-axis at a di %& of 3 units to the left of origin, it passes
through the point (-3, 0). x
The equation of the line .passin@h the point (-3, 0) and with slope -2 is
y-0=(-2) (x - (-3) b ly =y = m(x-x)
= y=-2(x+3)
= 2x+y+6=0. Q

F' Example 7. Given equation of line L, is y = 4 '3 :
(i) Write the slope of line L, if L, is the 1
bisector of angle O. < 5 >
(ii) Write the co-ordinates of the point P.
(i1i) Find the equation of L,. (2011)
Solution. From P, draw MP L OX. As the el >
equation of line L, is y = 4, MP = 4. X X
() Since line L, is the bisector of ZO, there- B
fore,

m0P=%£0=-;-x90°=45°
=5 the inclination of line L, is 45°. >
& Slopeoflinel.,=tan¢5“=‘l.
g (_ii)ﬂmﬂutAOMPisaanesﬂght-
angled triangle.
T M So, OM = MP = 4. %

. The co-ordinates of point P are (4, 4).
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(ifi) The line L, has slope 1 and passes through origin (0, 0), therefore, the equation
of line L, is
y-0=1(x-0) | using y - y; = m (x - x,)
e. x -y =0.

Example 8. A straight line passes through the points P(2, = 5) and Q(4, 3). Find :

(i) the slope of the line PQ.
(ii) the equation of the line PQ.
(iii) the value of p if PQ passes through the point (p =1, p + 4)

Solution. Given points are P(2, —5) and Q(4, 3).

; - 3= (=3) Yo =W
(i) The slope of the line PQ = o ‘ m= ers
P I |
— z e 4!: !

(i) The line PQ passes through the point P(2, —5) and has slope 4, therefore, its |
equation is

y-(-5 = 4(x-2) |y—y1=m(x—x1)
— y+5 =4x-8
= 4x-y-13 = 0.

(1if) As the line PQ passes through the point (p - 1, p + 4), we get
dp-1)-(p+4)-13=0
= 4p-4-p-4-13=0 N
= 3p—2L.50 schan'= 7. |
Example 9. Find the equation of a line with x-mtermpt = 5 and passing through the point
(4, -7). Qh (2009)
Solution. Since x-intercept is 5, the line gasses through the point (5, 0).
The slope of the line passing throughsthe points (4, —7) and (5, 0)

3 1 O=d=i) oo Yo
o—4 Xy — Xq
=47
The equation of the line passing through (5, 0) and with slope 7 is
y-0=7(x-25) ]y—y1=m(x—xj)

= y=7x-35
= 7x-y-35=0.
Hence, the equation of the required line is 7x — y — 35 = 0.

Example 10. Find the equation of the line passing through the points A (=1, 3) and B (0, 2).
Hence, show that the points A, B and C (1, 1) are collinear.

Solution. Given points are A (-1, 3), B (0, 2) and C (1, 1).

Slope of the line passing through A and B = et m= £2-41
= (=1) s
= -1.
The line AB passes through the point A (-1, 3) and has slope = 1.
Its equation is y -3 = (-1) (x = (=1)) |y -y, = m(x - Xx;)

= y-3=-x-1

= x+y-2=0

The point C (1, 1) lies on it if 1 + 1 — 2 = 0 i.e. if 0 = 0, which is true.
Hence, the given points A, B and C (1, 1) are collinear.
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Example 11. A straight line passes through the points P(=1, 4) and Q(5, —2). It intersects
the co-ordinate axes at points A and B. M is mid-point of the segment AB. Find :
(i) the equation of the line.

(ii) the co-ordinates of A and B.

(iii) the co-ordinates of M. (2003)
Solution. Given points are P(-1, 4) and Q(5, -2).
(i) The slope of the line PQ = 5_2( ;1} = —
The line passes through P(-1, 4) and has
slope —1. i)
Its equation is y —4 = -1(x - (-1)) 3
|y =Yy = mlx = Xy) e
B
=5 x+y-3 =0.
(i) The line PQ meets x-axis i.e. y = 0 where M
x+0=-3=0 =x=3.
. The co-ordinates of A are (3, 0). — 5 -
X’ A X
The line PQ meets y-axis i.e. x = 0 where j
0+y-3=0 =y=3 i Q

(5. —2)
-. The co-ordinates of B are (0, 3).

(ifi) Since M is mid-point of the segment AB, its co-ordinates are
(3+0 0+3) i (g g]
Rl 2 e X2 " 2)

Example 12. If P(3, 4), Q(7, —2) and RG2,™— 1) are the vertices of a triangle POR. Write

down the equation of the median of the triamgle through R. 2004)
Solution. The vertices of APQR are P(3, 4), Q(7, —2) and
R(-2, - 1).

Let M be the mid-point'¢fiPQ, then RM is the median
through R.

Co-ordinates of M are (3+7 . : +g' 2)] 8.5, 1),

2
==t _ =¥
Slope of RM = 5-C2) 'm_ - v
&
= 2
The equation of the line RM 1s
2
Y= = = —(-2) |y -y =mx-x)

= Ty+7=2x+4
= 2x - 7y — 3 = 0, which is the equation of the median through R.

Example 13. Find the equations of the diagonals of a rectangle whose sides are x = —1,
x=4y=—-1andy =2

Solution. The equations of the sides of a rectangle are x = -1, x = 4, y = -1
and y = 2.
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Let ABCD be the rectangle formed by these YA
lines as shown in the adjoining figure. Clearly,
its vertices are A(-1, - 1), B(4, - 1), C(4, 2) and D-1,2) y=2 e
D(-1, 2). : ] 7
Slope of the diagonal AC = j_ = ? = : x::{, i
-Ch s X 1 Of=" 1 5 <3 |7 X
the equation of ACis y - (-1) = % (x — (1)) (_1“{_” y==1 86, -1)
Y:‘U’
3 .
= y+l:—5—(x+1),::>5y+5=3x+3 .
= 3x-oy-2=0.
Slope of the diagonal BD = 2;(_41) = —é—',
the equation of BD is y — (-1) = - % (x — 4)

> y+l=-2(x-4 = 5y+5=-3x+12
=5 3x + 9y —7 = 0.

Example 14. Find the equation of the line passing through the point (0, —2) and the point of
intersection of the lines 4x + 3y = 1 and 3x —y + 9 = 0.

Solution. The given lines are

4x + 3y -1 =0 | ...(17)
and 3x -y +9=0 (1)
To find the point of intersection of the.dines, (i) and (i), we solve these equations

simultaneously. |

Multiplying (i7) by 3 and adding it to, (%), we get

13x +:26 = 0 = x'=t=2
Substituting this value of x in ({i)) We get

3.-2)-y+9=0 =2 P-y+9=0 = y=3.
. The point of intersection of the given lines is (-2, 3).
The slope of the line passing the points (0, —2) and (-2, 3)

_ 3-(=2) m = Y2 Y1
-2-0 2T
. D
5

The equation of the line passing through the point (0, —2) and with slope —% is

5
y-(-2)=-2(x=0)
= 2Yy+4=-5x =25x+2y+4=0.
Hence, the equation of the required line is 5x + 2y + 4 = 0. -

Example 15. A line passes through the point P (3, 2) and cuts off positive intercepts, on the
x-axis and the y-axis in the ratio 3 : 4. Find the equation of the line.

Solution. Let the line make positive intercepts @, b on the co-ordinates axes, then
the line passes through the points A (a4, 0) and B (0, b), shown in the given diagram.

According to givena : b =3 : 4
: _
35, | ()

a
= -
b 4
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Slope of the line AB = = m=22"%N by

D-" a Xs — X1 \ B0, b)
b 4 | , :
SR (Using (7))
Thus, the line passes through P (3, 2) and has
4
1 -—=.
i o5 3 P(3, 2)

The equation of the line is
= . !
y-2= 3(3‘ 3) S AN X
= 3y-6=-4x+12 (@, 0)
. dx+38y-18 =0,

Example 16. A line passes through the point P(2, 3)
and meets the coordinates axes at the points A and B (as YA
shown in the adjoining figure). If 2PA = 3PB, find \

(i) the coordinates of A and B.
(ii) the equation of the line AB.
Solution. (i) Let OA = a and OB = b, then the

coordinates of points A and B are (g, 0),
(0, b) respectively.

P2, 3)

e TP APB oy o O
PB 2

A _}r
X
= PA:PB=3:2 \

= the point P divides the line segment
AB in the ratio 3 : 2.

The coordinates of the point B are 5 : 5

2.a+30 20+3.b i o4 (E _?:E). ;l (a, 0) _.p (2, 3) ‘B (0, b)
2+3 ' 2+3 55 |
But the coordinates of the point P are (2, 3)

2—a=23nd&=3
5 5

XA
]

= g=5and b = b.

The coordinates of the points A and B are (5, 0) and (0, 5) respectivel'y‘
(ii) Slope of line AB = 3_:—‘; =5

The line AB passes through the point A(5, 0) and has slope = —1.
Its equation is y — 0 = —1(x — 5) = x+y-5=0.

Example 17. A straight line makes on the co-ordinate axes positive intercepts whose sum is
5. If the line passes through the point P(=3, 4), find its equation.

Solution. Let the line make positive intercepts
a, b on the co-ordinate axes, then the line passes

through the points A(a, 0), B(0, b), shown in the o
adjoining diagram.

According to givena + b =5

YA

B(0, b)

= b=5-a : )

Slope of the e (Y ol .

o
o

o {;\& ;

Y:V

}g_.-'x
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the equation of the line AB is

y-0=-§(x—a) L) |y -y = mlx - x)

Since the line passes through the point P(-3, 4), we get
4-—-0:—% (-3 —-a) = 4a = b(3 + a)

40 = (5-a) (3 + a)

4a = 15 + 5a — 3a — a*

a2 +2a-15=0 = (@-3)(@a+5) =0
a=3 -5buta>0

. a=3and on using (i), b=5-3 = 2.
Substituting these values of a and b in (ii), the equation of the required line is

(Using (1))

-4 44l

y=—§(x—3) = 2x + 3y -6 = 0.

Example 18. The point P(-1, 3) is reflected in the line parallel to y-axis at a distance 2 unit

to the right of y-axis onto the point P’. The point Q is reflected in the origin onto the point Q"
(-3, —2). Find :

L4

(i) the co-ordinates of P” and Q.
(ii) the equation of the line PQ.

Solution. (i) The equation of the line, say AB, parallel to y-axis at a distance of 2 units
to the right of y-axis is x = 2.

We know that the reflection of the

point (x, ¥) in the line x = a is the point

(—x + 2a, y), therefore, the reflection of

the point P (-1, 3) in the line x =(2\iS P(1, 3)
the point P'(—(-1) + 2.2, 3) 4 Sthe 2
point P’ (5, 3). ges
Since Q" (-3, —2) is the 4mage of the |
point Q in the origin, thesco-ordinates e o |
of the point Q are (3, 2): s
2-3

Slope of the line P'Q = e
The equation of the line P'Q is
y-3= % (x — 5)

2y-6=x-05
x—-2y+1=0.

(17)

1
=3

+
v
e

—
—

Exercise 12.1

1. Find the slope of a line whose inclination is
(i) 45° (11) 30°. =
2. Find the inclination of a line whose gradient is
. ‘e 1
OB (i) V3 (iff) =
3. Find the equation of a straight line parallel to x-axis which is at a distance
(i) 2 units above it (if) 3 units below it.

4. Find the equation of a straight line parallel to y-axis which is at a distance
(i) 3 units to the right (i7) 2 units to the left.

APC
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10.

11.
12,

13.

14.
15.

16.

17.

18.

. The given figure represents the lines

. Find the equatlon of a straight line parallel to y-axis and passing through the point

(=3, 5). |
. Find the equation of a line whose
(i) slope = 3, y-intercept = 5. (if) slope = — % , y-intercept = 3.
(iif) gradient = V3, y-intercept = — % (iv) inclination = 30°, y-intercept = 2.

. Find the slope and y-intercept of the following lines :

) x-2y-1=0 (if) 4x -5y — 9 =0 (i) 3x + 5y + 7 = 0

(iv)-;-+%=1 | (v) y - 3-0 | Aoy x =3 = 0

. The equation of the line PQ is 3y —3x + 7 = 0.

(i) Write down the slope of the line PQ.

(if) Calculate the angle that the line PQ makes with the positive direction of

x-axis.
YA

y=x+1landy= v3x —1. Write down
the angles which the lines make with
the positive direction of the x-axis.
Hence, determine 6. -

x'\i’

Ext. £ = sum of two opp. int. Zs ; 60° = 6 + 48°

Find the value of p, given that the hne% = x — p passes through the point
(-4, 4). |

Given that (a, 2a) lies on the liné r"}— » 3% — 6, find the value of a.

The graph of the equation y_q,mtx + ¢ passes through the points (1, 4) and
(-2, =5). Determine the ‘%“55 ‘of m and c.

Find the equation of the line passing through the point (2, —5) and making an
intercept of —3 on the y-axis.

Find the equation- of a straight line passing through (-1, 2) and whose slope is % :
Find the equation of a straight line whose inclination is 60° and which passes
through the point (0, - 3).

Find the gradient of a line passing through the following pairs of points :

() (0,-2), G, 4) (i) G, =7), (=1, 8).

The co-ordinates of two points E and F are (0, 4) and (3, 7) respectively. Find :

(1) the gradient of EF.
(i) the equation of EF.
(iii) the co-ordinates of the point where the line EF intersects the x-axis.
Find the intercepts made by the line 2x — 3y + 12 = 0 on the co-ordinate axes.

19.
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To find x-intercept, put y = 0; to find y-intercept, put x = 0.

Find the equation of the line passing through the points P(5, 1) and
Q(1, —-1). Hence, show that the points P, Q and R (11, 4) are collinear.

e ot s



20. The graph of a linear equation in x and y passes through (4, 0) and (0, 3). Find the
value of k, if the graph passes through (k, 1:5). '

21. Use a graph paper for this question.
The graph of a linear equation in x and v, passes through A(-1, —1) and B(2, 5).
From your graph, find the values of h and k, if the line passes through (h, 4) and

[% k). | (2005)

22. ABCD is a parallelogram where A (x, y), B (5 8), C (4, 7) and D (2, —4). Find
(i) the co-ordinates of A.
(i) the equation of the diagonal BD. (2011)

23. In AABC, A(3, 5), B(7, 8) and C(1, —10). Find the equation of the median through
A. (2013)

24. Find the equation of a line passing through the point (-2, 3) and having
x-intercept 4 units. (2002)

25. Find the equation of the line whose x-intercept is 6 and y-intercept 1s —4.

26. Write down the equation of the line whose gradient is —;— and which passes
through P, where P divides the line segment joining A(-2, 6) and B(3, —4) in the
ratio 2 : 3. (2001)

27. Find the equation of the line passing through the point (1, 4) and intersecting the
line x — 2y — 11 = 0 on the y-axis.

The line x — 2y — 11 = 0 intersects y-axis @hthe point (0, -~ %)

28. Find the equation of the straight Jine containing the point (3, 2) and making
positive equal intercepts on axes:

29. The intercepts made by a straight line on the axes are —3 and 2 units. Find :
(i) the gradient of the line, |
(if) the equation of the line.
(iii) the area of the triangle enclosed between the line and the co-ordinate axes.

YA
30. A and B are two points on the x-axis and y-axis
respectively. P(2, —3) is the mid-point of AB. <
Find : _ %
(i) the co-ordinates of A and B.
(if) the slope of the line AB.
(iii) the equation of the line AB.  (2010)
v
31. Find the equations of the diagonals of a rectangle whose sides are x = -1,

x=2y=-2and y = 6.

32. Find the equation of a straight line passing through the origin and through the
point of intersection of the lines 5x + 7y = 3 and 2x — 3y = 7.

i
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33. Match the equations A, B, C, D with the

lines L, L, L, L, whose graphs are Ly
roughly drawn in the adjoining \ o
diagram. i) 0. />< T,
A=sy=2 * / 7% X
B=y-2x+2=0 ,,/ y Lo
C_=_3.T+2y=6 L

D=y=2. )

34. Point A(3, —2) on reflection in the x-axis is mapped as A" and point B on reflection
in the y-axis is mapped onto B’(-4, 3).

(i) Write down the co-ordinates of A" and B.
(if) Find the slope of the line A'B, hence find its inclination.

12.3 PARALLELISM AND PERPENDICULARITY
12.3.1 Slopes of parallel lines

Two (non-vertical) lines are parallel if and only if their slopes are equal.

Proof. Let [, I, be two (non-vertical) lines and m,, nt, be their slopes. Let 6,, 6, be the
inclinations of these lines.

First, let the lines [, and [, be parallel
= 06, =6

Y A
= tan 6, = tan 6,
= My = My Lo
Thus, if two lines are parallel thenytheir slopes
are equal.
Conversely, let the lines 1, and I, have equal e ke
slopes i.e. e i i e S
my = M, i / / :
ol

= tan 6, = tan 0,
= 0, =06,
— the lines [, and [, are parallel.

Hence, two (non-vertical) lines are parallel if and only if m, = m, i.e. if and only if their
slopes are equal.

Since inclination of every line parallel to x-axis is 0° its slope = tan 0° = 0.
Therefore, slope of every horizontal line is zero.

12.3.2 Slopes of perpendicular lines
Two (non-vertical) lines are perpendicular if and only if the product of their slopes is —1.

Proof. Let [, [, be two (non-vertical) lines and rm;, 11, be their slopes. Let 8;, 6, be the
inclinations of these lines.
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First, let the lines I, and [, be perpendicular

= 0,= 90°+ 0, or 6,=90°+86,
= tan 6, = tan (90° + ;) or tan 8; = tan (90° + 0,)
= tan 6, = — cot 9, or tan 6, = - cot 6, (From Trigonometry)
= tan 0, = - 1 or tan 0, = - .
_ tan 6, tan 6,
st % wely
= mz-—ﬁ o My s

Therefore, in either case m;m, = —1.
Thus, if two lines are perpendicular then the product of their slopes is — 1.

Conversely, let the lines I, and I, be such that the product of their slopes is —1
L.e. mym, = —1 |

= tan 6, tan 6, = -1
= tan 0; = - 1
tan 6,
= tan 0, = —cot 6,
= tan 6; = tan (90° + 6,)
= 0;= 90°+ 0,
=  the lines /; and [, are perpendicular.

Hence, two (non-vertical) lines,are perpendicular if and only if m;m, = -1 i.e. if and
only if the product of their slopes is —1._

Corollary. Slope of a perpendicular line is the negative reciprocal of the slope of the given line.

. a7 <) i
S MMy, = - :sz——m—l

ILLUSTRATIVE EXAMPLES

i

Example 1. If 2x — 3y + 5 = 0 and px + 6y + 7 = 0 are parallel lines, find the value of p.

Solution. Given 2x -3y + 5 =0 ..(1)

= -3y=-2x-175

=" = %x - % (Converting into the form y = mx + ¢)
The slope of the line (1) = -‘;i

Given px + 6y + 7 =0 ...(11)

= 6y ==px =7

w0 fie E x—% (Converting into the form y = mx + ¢)

The slope of the line (i7) = - —Z-
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Since the given lines (i) and (ii) are parallel, we get — i =~§— |m, = m,

6

= p=-4

Example 2. Find the value of p for which the lines 2x + 3y —7 = 0 and 4y — px — 12 = 0 are
verpendicular to each other. (2009)

Solution. Given 2x + 3y -7 =0 | Seeld)

= dW=-2x+7

2 7 e
B e | y = mx + ¢ form
The slope of the line (i) = — %
Given 4y —px — 12 = 0 | ....(i)

= 4y =px + 12
=5 y=%x.+3 | y = mx + ¢ form

The slope of the line (i) = %

Since the given lines are perpendicular to each other,

()2

=5 —%z—l =yl =6;

Example 3. Find the equation of the line parallel to theJline 3x + 2y = 8 and passing through

the point (0, 1). (2007)
Solution. Given 3x + 2y = 8 « )
= 2p=—8x+8 P(0, 1)
SRt i e ey
T y=—%x+4. ly Amx e torm
The slope of the line (i) & % . < s
The slope of a line parallel to (i) = - % : . my = m,
The equation of the line through (0, 1) and having slope - % is
y—l:-%(x—()) |y =y =m (x - xy)

= 2y-2=-3x
= 3x + 2y - 2 = 0, which is the required equation.

Example 4. Find the equation of the perpendicular from the point P(—1, —2) on the line
3x + 4y — 12 = 0. Also find the co-ordinates of the foot of perpendicular.

Solution. The given line is 3x + 4y — 12 = 0 )
= 4y=-3x+12 1P(-1,-2)
= Y=~ %x_ + 3,
. the slope of the line (i) = —- %.
From P(-1, —2), draw PN perpendicular to the given
line. :
. The slope of the line PN = = m, = ot é N >
3 my 3x+4y-12=0
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The equation of the line through P(-1, —2) and having slope % is

yH(—Z):%(x—(—l)) — 3y +6=4x+4

= 4x-3y-2=0 . (11)
which is the required equation of the perpendicular from P to the given line.

To find the co-ordinates of N (the foot of perpendicular), solve (i) and (i) simultaneously.
Multiplying (i) by 3 and (ii) by 4, and on adding, we get

25x-44=0 = x= ==
25
Multiplying (i) by 4 and (ii) by 3, and on subtracting, we get
42

25y -42=0 = =.

Hence, the co-ordinates of the foot of perpendicular are (ﬁ 42]

25" 25

Example 5. Find the equation of the line through the point P(—5, 1) and parallel to the line
joining the points A(7, —1) and B(0, 3).

Solution. Slope of the line joining the points A(7, —1) and B(0, 3)

_.=2=tb M i
0-7 Xy — Xq
i
S
The slope of a line parallel to line AB = - % | |m1 = My

The equation of the line through P(3541)%nd having slope —é— is

y -1 =-§ (x = (=5)) =N = — 4x — 20
=  4x + 7y + 13 = 0, which @sjthe required equation.

Example 6. Find the equation of the perpendicular dropped from the point (-1, 2) onto the line
joining (1, 4) and (2, 3).
Solution. Slope of the line joining the points A(1, 4) and B(2, 3)

- o=t | w221
7= X5 — %y
= -1
. The slope of a line perpendicular to line AB = 1. ‘ "y = _mi.
1

The equation of the line through (-1, 2) and having slope 1 is
y-2=1x-(-1) = y-2=x+1
= x -y + 3 =0, which is the required equation. 2
Example 7. Find the equation of the right bisector of the line segment joining the points
A(3, — 4) and B(5, —6). _
Solution. The given points are A(3, — 4) and B(5, —6).
Let M be the mid-point of the segment AB, then the co-ordinates of M are

[3+5 -4 +(-6)

5 5 ] ie. (4, —5).
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~6-(-4) -2
8d - 2

Slope of line AB = = -1.

A
|
». The slope of a line perpendicular to line AB = 1. }
The equation of the line through M(4, - 5) and i
having slope 1 is '
y-(5)=1(x-4) = y+5=x-4 AG-4 M {SESJ
= x-y-9=0, E |
which is the required equation of the right | ' :
bisector of the line segment joining the given v
points.
Example 8. Find the image of the point P(=3, 1) in the line 2x — 3y = 4.
Solution. The given line is 2x — 3y = 4 (i)
i b 2
= =3y=-2x+4 > y-= 33: 5
the slope of the line (i) = % . 93,1
From P, draw PM perpendicular to the line (i) 1
and produce it to a point P’ such that P'M = MP, |
then P is the image of P in the line (i) and the line i
(i) is the right bisector of the segment PP’ < M:;' Seotyed
Let I’ be (o, B). & :l
|
_ Bt O |
Then slope of PP’ = o 3 CJ Eelm

®
As (i) is perpendicular to PP, we get %\‘b
-1 2 x
a+3 3 it § i &1

= 2-2=-30-9 :@2]3-&7:0 .. (11)

Also the mid-point of PP’ is M [“;3, B;‘].

Since (i) is the right bisector of the segment PP’, M lies on (i)
- .

= . & 5—2—3- 3.'?’—2l
= 20-3p-17=0 ...(1i1)
To find the values of o and B, solve (ii) and (ii1) simultaneously.
Multiplying (if) by 3 and (iii) by 2, and on adding, we get

13¢-13=0 = oa=1
Substituting this value of a in (i7), we get
31+2+7=0 = p=-5
Hence, the image of P in the given line is P'(1, -5).

=4 = 20-6-3p-3=8
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Exercise 12.2

1. State which one of the following is true :
The straight lines y = 3x — 5 and 2y = 4x + 7 are
(1) parallel (1) perpendicular
(i17) neither parallel nor perpendicular.
2. If 6x + 5y =7 = 0 and 2px + 5y + 1 = 0 are parallel lines, find the Value of p.
3. Lines 2x — by + 5 = 0 and ax + 3y = 2 are parallel. Find the relation connecting

a and b.

4. Given that the line % = x — p and the line ax + 5 = 3y are parallel, find the value
of a.

5. If the lines y = 3x + 7 and 2y + px = 3 are perpendlcular to each other, find the
value of p. (2000)

6. Find the value of k for which the lines kx 5y +4 =0and 4x — 2y + 5 =0 are
perpendicular to each other. (2003)

7. If the lines 3x + by + 5 = 0 and ax — 5y + 7 = 0 are perpendicular to each other,
find the relation connecting a and b.

8. Is the line through (-2, 3) and (4, 1) perpendicular to the line 3x = y + 1?
Does the line 3x = y + 1 bisect the join of (-2, 3) and (4, 1) ?

9. The line through A (-2, 3) and B (4, b) is perpendicular to the line 2x — 4y = 5. Find
the value of b. (2012)

10. If the lines 3x + y =4, x —ay + 7 = 0 and bx + 2y +, =0 form three consecutive
sides of a rectangle, find the values of a and b.

11. Find the equation of a line, which has the y-intergept 4, and is parallel to the line
2x = 3y — 7 = 0. Find the co-ordinates ofth€%p0int where it cuts the x-axis.

12. Find the equation of a st. line perpendiculat to the line 2x + 5y + 7 = 0 and with
y-intercept —3 units.

13. Find the equation of a st. line perpendicular to the line 3x — 4y + 12 = 0 and having
same y-intercept as 2x — y + 5 £

14. Find the equation of the line which is parallel to 3x — 2y = —4 and passes through
the point (0, 3).

15. Find the equation of the line passmg through (0, 4) and parallel to the line
3x + 5y + 15 = 0.

16. The equation of a line is y = 3x — 5. Write down the slope of this line and the
- intercept made by it on the y-axis. Hence, or otherwise, write down the equation
of a line which is parallel to the line and which passes through the point (0, 5).

17. Write down the equation of the line perpendicular to 3x + 8y = 12 and passing
through the point (-1, —2).

18. (i) The line 4x — 3y + 12 = 0 meets the x-axis at A. Write down the co-ordinates
of A.

(if) Determine the equatmn of the line passing through A and perpendicular to
4x - 3y + 12 = 0.
19. Find the equation of the line that is parallel to 2x + 5y — 7 = 0 and passes through
~ the mid-point of the line segment joining the points (2, 7) and (-4, 1).
20. Find the equation of the line that is perpendicular to 3x + 2y — 8 = 0 and passes
through the mid-point of the line segment joining the points (5, —2) and (2, 2).
21. Find the equation of a straight line passing through the intersection of
2x + 5y — 4 = 0 with x-axis and parallel to the line 3x — 7y + 8 = 0.
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The equation of a line is 3x + 4y — 7 = 0. Find
(i) the slope of the line.

(i) the equation of a line perpendicular to the given line and passing through the
intersection of the linesx -y +2=0 and 3x+y-10=0 (2010)

23. Find the equation of the perpendicular from the point (1, —2) on the line
4x — 3y — 5 = 0. Also find the co-ordinates of the foot of perpendicular.
24. Prove that the line through (0, 0) and (2, 3) is parallel to the line through (2, —2)
and (6, 4).
25. Prove that the line through (-2, 6) and (4, 8) is perpendicular to the line through
(8, 12) and (4, 24).
26. Show that the triangle formed by the points A(1, 3), B(3, —1) and C(-5, -5) is a
right angled triangle (by using slopes).
27. Find the equation of the line through the point (-1, 3) and parallel to the line
joining the points (0, —2) and (4, 5).
28. A(1, 4), B(3, 2) and C(7, 5) are the vertices of a AABC. Find :
(/) the co-ordinates of the centroid G of AABC.
(if) the equation of a line through G and parallel to AB. (2002)
YA
29. The line through P (5, 3) intersects y-axis at Q. p(5. 3)
(i) Write the slope of the line. =
. . . . .( )
(if) Write the equation of the line. e 0 / ><
(ifi) Find the coordinates of Q. (2012) ‘/
Y v
Y A
30. In the adjoining diagram, write'down
(i) the co-ordinates of the points A, B
and C.
(if) the equation of the line through A,
parallel to BC. (2005)
i
Y’ N
31. Find the equation of the line through (0, —3) and perpendicular to the line joining
the points (-3, 2) and (9, 1).
32. The vertices of a triangle are A(10, 4), B(4, - 9) and C(-2, —1). Find the equation
of the altitude through A.
[The perpendicular drawn from a vertex of a triangle to the opposite side is called
~ altitude.]
33. A(2, - 4), B(3, 3) and C(-1, 5) are the vertices of triangle ABC. Find the equation
of::
(i) the median of the triangle through A.
(if) the altitude of the triangle through B.
34. Find the equation of the right bisector of the line segment joining the points
(1: 2‘) and (5: = 6)
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35. Points A and B have coordinates (7, —3) and (1, 9) respectively. Find
(1) the slope of AB.
(if) the equation of the perpendicular bisector of the line segment AB.
(iif) the value of p if (-2, p) lies on it. | (2008)
36. The points B(1, 3) and D(6, 8) are two opposite vertices of a square ABCD. Find
the equation of the diagonal AC.

AC is the right bisector of BD.

37. ABCD is a rhombus. The co-ordinates of A and C are (3, 6) and (- 1, 2) respectively.
Write down the equation of BD. (2000)

BD is the right bisector of AC.

38. Find the equation of the line passing through the intersection of the lines
4x + 3y = 1 and 5x + 4y = 2 and '

(i) parallel to the line x + 2y =5 =0
(if) perpendicular to the x-axis.

(i) It will be found that the point of intersection of the given lines is (- 2,:9),
(i) Any line perpendicular to x-axis is parallel*o y-axis and its equation is
of the form x = a.

@)
39. (i) Write down the co-ordinates of the D& P that divides the line joining
A(-4, 1) and B(17, 10) in the ratio® "&

(if) Calculate the distance OP, whet is the origin.
(i1i) In what ratio does the y-a w e the line AB ?
40. Find the image of the point ( n the line x -2y -7 = 0.
41. If the linex -4y -6 =0 iw@éencﬁcu}ar bisector of the line segment PQ and
1

the co-ordinates of P are (1, 3), find the co-ordinates of Q.

42. OABC is a square, O is the origin and the points A and B are (3,0) and
(p, g). If OABC lies in the first quadrant, find the values of p and g. Also write
down the equations of AB and BC.
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CHAPTER TEST

Find the equation of a line whose inclination is 60° and y-intercept is —4.
Write down the gradient and the intercept on the y-axis of the line 3y + 2x = 12.

If the equation of a line is y = J3 x + 1, find its inclination.

If the line y = mx + ¢ passes through the points (2, —4) and (-3, 1), determine the
values of m and c.

5. If the points (1, 4), (3, —2) and (p, —5) lie on a line, find the value of p.
6. Find the inclination of the line joining the points P(4, 0) and Q(7, 3).

10.

11.

12.

13.

14.

15.

16-

. Find the equation of the line passing through the point of intersection of the lines

2x +y = 5 and x — 2y = 5 and having y-intercept equal to — %

. If the point A is reflected in the y-axis, the co-ordinates of its image A, are

4, -3).
(i) Find the co-ordinates of A.

(if) Find the co-ordinates of A,, A, the images of the points A, A, respectively
under reflection in the line x = 2.

. If the lines %+-‘]—i~ = 7 and 3x + ky = 11 are pérpendicular to each other, find the
value of k.
Write down the equation of a line parallel to y=2y + 8 = 0 and passing through

the point (1, 2).

Write down the equation of the line passing through (-3, 2) and perpendicular to
the line 3y = 5 — x.

Find the equation of the line pefpendicular to the line joining the points
A(1, 2) and B(6, 7), and passing through the point which divides the line segment
AB in the ratio 3 : 2. Q)

The points A(7, 3) and C(0, —4) are two opposite vertices of a rhombus ABCD.
Find the equation of the diagonal BD.

Y h
A straight line passes through P(2, 1)

and cuts the axes in points A, B. If \
Bl Rk =30 1, tindi:

(i) the co-ordinates of A and B.
(if) the equation of the line AB.

XV

A straight line makes on the co-ordinate axes positive intercepts whose sum is 7.
If the line passes through the point (-3, 3), find its equation.

If the co-ordinates of the vertex A of a square ABCD are (3, -2) and the equation
of the diagonal BD is 3x — 7y + 6 = 0, find the equation of the diagonal AC. Also
find the co-ordinates of the centre of the square.
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