LIMITS AND DERIVATIVES

INTRODUCTION

The invention of calculus was one of the most far reaching events in the history of mathematics.
It is that part of mathematics which mainly deals with the study ofg@hangerin the value of a
function as the value of the variable in the domain change. Calculds has a very wide range of
uses in Sciences, Engineering, Economics and in many other walKsof lifé. It is extensively used
in graphical work, including the calculation of the slope of tangent to a curve at a point.

In this chapter, we shall introduce the concept of limit ofia real function, study some algebra
of limits and will evaluate limits of some algebraic and trigonemetric functions. Then we shall
define the derivative of a real function, give its, geometrical’and physical interpretation, study
some algebra of derivatives and will obtain derivatives of some algebraic and trigonometric
functions.

13.1 LIMITS

The concept of limit which is being@intréducedinthis section is an essential notion for a genuine
understanding of calculus and the reader is"urged to attain a comprehensive knowledge of this
idea.

Neighbourhood
The reader is familiar with"Warious types of intervals on a real axis. Every interval of non-zero
length contains infinitély many real numbers. If we consider any one of these real numbers, then
the real numbers near about it are called its neighbours. This leads to :

Let ¢ be any real number and & be a small positive real number, then the open interval
(c =6, ¢+ 6) is called a (symmetric) neighbourhood of c.

Any neighbourhood of ¢ not containing the number c is called a deleted neighbourhood of c. The
interval (c — 8, c] is called a left §-neighbourhood of ¢ and the interval [c, ¢ + §) is called a right
o-neighbourhood of c. We can also define deleted left and deleted right neighbourhood of c.

13.1.1 Concept of Limit

Loosely speaking, a function f is said to have a limit | as x approaches c if f(x) is arbitrarily near
to I for all x sufficiently near to c. But what is meant by ‘arbitrarily near’ and ‘sufficiently near’ ?
To understand this, we study some examples giving us an intuitive feeling for what is at issue.

(i) Consider the function f defined by f(x) = 3x.

Clearly, domain of f = R, so that the function value f(x) can be obtained for every real value
of x.

Let us investigate the function values f(x) when x is near to 1. Let x take on values nearer
and nearer to 1 either from left side or from right side which we illustrate by means of
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tables 1 and 2 given below :
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Table 1
x 0.9 0.99 0.999 0.9999
f(x) 2.7 2.97 2.997 2.9997
Table 2
X 1.1 1.01 1.001 1.0001
f(x) 3.3 3.03 3.003 3.0003

A portion of the graph of the function f is shown in

fig. 13.1.

It is clear from the table 1 or from the graph of the
function f that f(x) is arbitrarily near the value 3 for all x
sufficiently near the number 1 (from left). We express this

fact by saying that Lt f(x) = 3.
x—1"

Also, it is clear from the table 2 or from the graph of
the function f that f(x) is arbitrarily near the value 3 for all
x sufficiently near the number 1 (from right). We express

this fact by saying that Lt f(x) = 3.
x—-1*

Fig. 13.1.

In fact, as x — 1 either from left or from right, f(#)®> 3{fas shown in fig. 13.1 by two arrow

heads. We express this fact by saying that Lt1 flx) = 8.
x—

(if) Consider the function f defined dy fiay= x2.

Clearly, domain of f = R, so that the fungtion yalue f(x) can be obtained for every value of x.

Let us investigate the function valuesfix) when x is near to 0. Let x take on values nearer
and nearer to 0 either from left side or'from right side which we illustrate by means of tables

3 and 4 given below :

Table 3
X -0.5 -0.1 -0.01 -0.001
f(x) 0.25 0.01 0.0001 0.000001
Table 4
X 0.5 0.1 0.01 0.001
f(x) 0.25 0.01 0.0001 0.000001

A portion of the graph of the function f is shown in

fig. 13.2.

It is clear from the table 3 or from the graph of the
function f that f(x) is arbitrarily near the value 0 for all
x sufficiently near the number 0 (from left). We express

this fact by saying that Lt f(x) = 0.
x—0"

Also, it is clear from the table 4 or from the graph of
the function f that f(x) is arbitrarily near the value 0 for all
x sufficiently near the number 0 (from right). We express

this fact by saying that Lt f(x) = 0.
x—0*
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In fact, as x — 0 either from left or from right, f(x) — 0, as shown in fig. 13.2 by two arrow
heads. We express this fact by saying that Lt0 f(x) = 0.
x—

2
(i1i) Consider the function f defined by f(x) = 2x——5;c+2

Clearly, Df = R - {2}, so that the function value f (x) can be obtained for every value of x
except for x = 2. Moreover,

x2 -5x+2 _ 2x-1D(x-2) _

—5 —— 2x -1, x # 2.

flx) = 2

Let us investigate the function values f (x) when x is near to 2 but not equal to 2. Let x take
on values nearer and nearer to 2 either from the left side or from the right side which we
illustrate by means of tables 5 and 6 given below :

Table 5
X 1.9 1.99 1.999 1.9999
f(x) 2.8 2.98 2.998 2.9998
Table 6
X 21 2.01 2.001 2,0001
f(x) 3.2 3.02 3.002 3.0002

A portion of the graph of the function f is shown in fig. 18:8.

It is clear from the table 5 or from the graph™of, the
function f that f(x) is arbitrarily near the value 8 fof all x
sufficiently near the number 2 (from left). We exfpressithis fact

by saying that Lt f(x) = 3.
x—=2"

Also, it is clear from the table6 or from the graph of the
function f thatf(x) is arbitrarily mear<the walue 3 for all x
sufficiently near the number 2 (frofh right). We express this fact

by saying that Lt f(x) = 31 -1
x—2*

Fig. 13.3.

In fact, as x — 2(eitherifromrthe left or from the right, f (x) — 3, as shown in fig. 13.3 by two
arrow heads. We express, this fact by saying that Lt2 fx) =3.
x—

REMARK
For a function f to have a limit as x — ¢, it is not necessary that the function f be defined
at the point x = c. When finding the limit, we consider the values of the function f in the
deleted neighbourhood of ¢ only.

x2 -1
(iv) Consider the function f defined by f(x) = { x +1
2 ,x=-1

,x#—1

Clearly, Df =R, so that the function value f(x) can be obtained for every value of x. Moreover,

-1 _(x-Dx+1) _
+1 x+1 B

f = 2

x-1,x#-1.

Let us investigate the function values f(x) when x is near to —1. Let x take on values nearer
and nearer to —1 either from left side or from right side which we illustrate by means of tables
7 and 8 given on the next page :
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Table 7
X -1.1 -1.01 -1.001 —1.0001
f(x) -21 -2.01 -2.001 —2.0001
Table 8
X -0.9 -0.99 —-0.999 —-0.9999
f(x) -1.9 -1.99 -1.999 -1.9999

A portion of the graph of the function fis shown in
fig. 13.4. . 2t
It is clear from the table 7 or from the graph of the
function f that f(x) is arbitrarily near the value -2 for all

x sufficiently near the number —1 (from left). We express -2 -1
this fact by saying that Lt f(x) =-2. 0 1 2

Also, it is clear from the table 8 or from the graph of
the function f that f(x) is arbitrarily near the value -2 for
all x sufficiently near the number —1 (from right). We

1
i
x—-1 1"
11
11
1Ll

ET—2

express this fact by saying that Lt f(x) = -2. Fig. 13.4.
x—-1*

In fact, as x — —1 either from left or from right, f(x) — -2, as shown in fig. 13.4 by two arrow
heads. We express this fact by saying that Lt ) flx) =-2.
x—-

REMARK
In the above example, we notice that the fangtion is defined at x = —1 and its value is 2 i..

f(=1) =2 (given) but Lt ) f(x) =—2. Thus, the limit of a function f as x — ¢ may be different
x—>-
from the value of the function at x =.€ji.e. Lt f(x) may not be equal to f(c).
X—=0

x—2 , x<0
(v) Consider the function f defined by f(x) = 0 ,x=0 (NCERT)
x+2 , x>0.

Clearly, Df = R, so thatfthe function value f(x) can be obtained for every real value of x.
Let us investigateythe function values f(x) when is near to 0 from left. We notice that when

x <0, the function valuesjare dictated by x — 2, so we need to evaluate x — 2 when x is negative. Let
x take on values nearer and nearer to 0 from left which we illustrate by means of table 9 given below :

Table 9
X -0.5 -0.1 -0.01 —-0.001 —0.0001
f(x) -25 -2.1 -2.01 —2.001 —2.0001

A portion of the graph of the function f is shown in
fig. 13.5.

It is clear from the table 9 or from the graph of the
function f that f(x) is arbitrarily near the value -2 for all
x sufficiently near the number 0 (from left). We express 2 1

this fact by saying that Lt f(x) = -2.
x—0"

Now, let us investigate the function values f(x)
when x is near to 0 from right. We notice that when
x > 0, the function values are dictated by x + 2, so we
need to evaluate x + 2 when x is positive. Let x take on
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values nearer and nearer to 0 from right which we illustrate by means of table 10 given below :

Table 10
X 0.5 0.1 0.01 0.001 0.0001
f(x) 2.5 2.1 2.01 2.001 2.0001

It is clear from the table 10 or from the graph of the function f that f(x) is arbitrarily near the
value 2 for all x sufficiently near the number 0 (from right). We express this fact by saying that

Lt+f(x) =2

x—0

In this example, we observe that Lt f(x) # Lt f(x), which we express by saying that
x—0" x—0*
Lt f(x) does not exist.
x—0

Formally, a function f is said to tend to a limit | as x approaches c iff the difference between f (x) and

I can be made as small as we please by taking x sufficiently near ¢ and we write it as Lt f(x) = I.
xX—c

Theorem. Lt f(x)=1iff Lt f(x)=1= Lt f(x)

xX—c

We assert that for the existence of Lt f(x), it is essential that Lt f(x)and Lt f(x)must
x—c *

xX—¢ x—c

both exist separately and be equal. This equal value is the limit of the function.

13.1.2 Some standard results on limits

We state some standard results (without proof) which enable us to evaluate the limits in many
problems:

1. (i) Lt o= o, where o is a fixed real number.
x—c

(i1) xI;tC x"=c", forall n € N.
(iii) xI;th(x) = f(c), where fAx) isha real-palynomial in x.
(iv) xI;tC |x| =|c|
2. Algebra of limits
Let f, ¢ be two functionsisuch that xI;tC f(x) =1and xI;tC g (x) = m, then
0) xI:;fc (o f(x)) ="om in:[cf(x) = o, for all o € R.
(ii) Lt (f(x) + g) = xL_>th(x) + Lt gx) =1+m.
(i) Lt (f()-g0)) = Lt flx) - Lt g() =1 ~-m.
(0) Lt (f() g() = Lt f(). Lt g() = Im.

(v) Lt f) ’ch(x) = —, provided m # 0
xoc g(x) x[jc glx) m’ )

1 1 1

(Ui) xlifc m = —xlifcf(x) = ;

, provided [ # 0.

(vii) xI:}c (f () = (x[_{ccf(x))n =1In for all n € N.

REMARK
The converse of the above four basic results i.e. (ii) to (v) may not be true.
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3. Sandwich Theorem (or squeeze principle)
If f, g h are functions such that f(x) < g(x) < h(x) for all x in some neighbourhood of ¢ (except
possibly at x = c) and if Lt f(x) =1= Lt h(x), then Lt g(x) =1
X—C X—C

X—C

4.If Lt f(x) =0 and g(x) is bounded in a deleted neighbourhood of ¢, then
xX—C

Lt (f(x) g(x) = 0.

A function f is said to be bounded in (a, b) iff there exist some real numbers k;, k, such that
k, <f(x) <k, for all x € (a, b).

5.() Lt f@= Tt flc+h) () Lt fe)= Lt fle+h

X—C X—cC

(71d) xI::ch(x) = hI;to flc+ h).

13.1.3 Some important theorems on limits
Theorem 1. Lt f(x)= Lt f(-x).
x—0"

x—0"

Proof. Let x = —y, so that whenx - 0-, y -> 0"

Lt f(x) = Lt f(-y) = Lt f(-x) (bg, merely changing the variable)
y—0* *

x—0" x—0

xn_ n

Theorem 2. Lt

x—>a X—a

=na"l, ne N.
Proof. Let x = a + h, so that when x — 4, T'=.0.

x* — g a+h)t —a"
Lt = Lt ;
x—=a X—4a h—0 h

By using binomial expansion f@r, positive integral index, we get

n(n—l)a

[a”+na"‘1h+ ”2h2+...+hnj—a"

Lt —— = Lt
x—=a X -—4a h—0 h

h(nanl +Man2h+_“+hnlj
- h]fo h
= tho (na"‘l + %u”* h+.. +h”‘1) (v h#0)
N

= na"l+0=mna"l
REMARK
The above result is true even when 7 is a rational number.
However, it is assumed that the function is defined in the neighbourhood of a (except

possibly at x = a), otherwise, the question of finding the limit does not arise.

13.1.4 Evaluation of limits of algebraic functions

In this section, we shall use the above standard results and the theorems to evaluate limits of
some algebraic functions.
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ILLUSTRATIVE EXAMPLES

Example 1. Evaluate the following limits :

. 22
(l) Lt (x — 7)

X—>T

(NCERT)

(iii) Ltsx(x + 1) (NCERT)

(v) Lt (2x2+5)2-7)

x—-2

Py’ 7

Solution. (i) Lt (x —%) =T - 2

(i) Lt (x> =x%>+1)
x—1

(tv) Lt (1+x+x2+...+x10)
x—-1
(vi) Lt (x24 + 3x% + 1)100,

x—-1

(i) Lt (P-x2+1)=13-12+1=1-1+1=1.
x—1

(i) Lt x(x+1)= Lt x2+x)=32+3=9+3=12.

x—3 x—3

(iv) Lt

x—-1

1 +x+x2+ ...

+x10) =1+ (1) + 12+ (-1)% + ...

+ (=10

=1-1+1-1+...+1=1.
(v) Ltz((2x2+5)2—7)=(2(—2)2+5)2—7:132—7

x—-

=169 - 7 = 162.

(vi) Lt1 (x24 + 3x9 + 1)100 = ((=1)%* + 3(=1)? + 1)100

x——

= (1 -3 + 1)100 2P0 1,

Example 2. Evaluate the following limits :

() t 2*3 (NCERT)
x—4 x-—=2
10 5
Gi) 1+ X 1 (NGERT)
x—-1 X —
Lt (4x + 3)
4x +3 D x4

(i)

(iv) Lt

¥ +1
x—1 x +100

ax? +bx +c

x>1 cx? +bx +a

_4x4+3 19

Solution. (i) Lk
x—4 X — 2

Lt (x? +1
_ x_>1(x ) ) 241
Lt (x +100) 1+100
x—1

2
(i) Lt X *1
x—1 x +100

Lt (x1 +x5+1)

Lt (x—2)  4-2
x—4

?.

iy 1 el e SRR C R E EL
x—-1 x—1 Lt (x-1) -1-1 -2 2
x—-1
(i) Lt ax? +bx +¢ _ a><12+b><1+c:a+b+c _
x—1 cx2+bx+a cx12+b><1+a a+b+c
Example 3. Evaluate the following limits :
2 — — — —
(i) L > -x-10 (NCERT) i) ¢ (Zx=30x-1
x—»2 x2_4 x51 2x%+x-3
4 4
- 81 . x* —4
(iii) Lt —X —°° (iv) Lt ——————.
x>32x2 —5x-3 x5v¥2 2 +342x -8
(NCERT)

,a+b+c#0.

677

(NCERT)

(NCERT)

(NCERT)

(NCERT)

(NCERT Examplar Problems)
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2
Solution. (i) Lt 2~ —*=10_ 14 (x=2)Bx+5)

52 x2-4  xo2 (x=2)(x+2)

= Lt 3x+5 (*~ x #2, 50 x — 2 can be cancelled)
x—2 x+2

_ 3x2+5 _11
2+2 4

3 @x-3)(Wx -1) _ (2x-3)(x - 1)

@) L ey —s = 2x+3)(x-1)

L @x-9(x-1 . 2x-3
=1 2x+3)(Wx —DWx +1)  x>1 2x+3)(Wx +1)

(vx>1=Jr#1= x —1%0)
2%x1-3 -1 1

T 2x1+3)(J1+D) 5x2 10

-8l (=3 +3)*+9) 4 o _ Baor (2 )
(111) xT;t3 7 a3 - L = 3)2x D (0 x* =81 = )2 292= (x2 - 9) (x2 + 9))
L x#3)E7+9)

(*9x"'#87/s0 x — 3 can be cancelled)
x—3 2x +1

_ (3+3)(3> +9) _ 6x18 _ 108
2x3+1 7 44

: xt -4 _ (x2 +2)(2\-2) (x2 +2)(x ++/2)(x —+/2)
(iv) xI:E/Z x2+342x-8 _x—[;\/Z (x +442) (r=n2) xlfi (x +4+4/2)(x —~2)

(% +2)(x +/2)(x - +2)

~ Sk e G- (v x> V2 = x-N220)

w2822 +42) _8v2 _ 8
V2 +442 52 5
Example 4. Evaluateythe following limits :
1 1
P ~2 1
(i) Lt X2 (NCERT) (i) Lt | 2=2 - . (NCERT)
x—-2 x+2 o1 x2 —x 3 —3x2 + 2«
1 1 2+x
PR +2 1
Solution. (i) Lt X2 — Lt —2X = Tt (x x )
x—>-2 x+2 x—-2 x+2 x—-2\ 2x x+2

1 1 1

Lt — .
x—>-2 2x  2x(=2) 4

. x—2 1 _ x—2 B 1
(@) xljl|:x2—x_x3—3x2+2x]_xL—Jfl[x(x—l) x(x—l)(x—2)}
_ (x-2%-1 _ . (x-2+D(x-2-1)
st x(x-D(x-2) 51 x(x-1(x-2)
(x-D(x-3) _ Lt _X-3
=1 x(x=-1(x-2) x51x(x-2)

1-3 -2

11-2) -1
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Example 5. Evaluate the following limits :

4 _
() Lt =16
x—=2 x-=2

1

z3 —1

(iii) Lt (NCERT)
z—1

z6 —1
() x3 +27

x>-3 x° +243

5
wi) ot IX =1 (NCERT)
X

x—0

4_ 4 _ 4
Solution. (i) Lt X -16 Lt = 2
X =

x-2 x—>2 x-2

:4x24—1

=4x25=4x8=32

679
.. P -1
(ii) Lt1 T (NCERT)
x—1 x7 —
8x3 -1

(iv) Lt — —
x_% 16x% -1

(NCERT Examplar Problems)

(vii) Lt Nirx -1 (NCERT)
x— X
(Using Lt L )

x—>a X —a

t
_xo1 x-1

15 15
. x> -1 x> -1
i1) Lt Lt x
()x—>1x10—1 x—)l( x—1

10
x
Lt

xX—a n—a

n_ n
Using Lt r e =na”1]

1

X = - X - —

2

4

“-[3

L ——2

X = - X — —

2
1.3 2_3
— X — X— =—
2741 4
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x3_(_3)3
) 427 3 —(=27) _ x3 —(=3)3 _ x—(=3)
x—>-3 x° +243 x>-3 x° —(=243) x>-3 x5 —(=3)°  x5-3 ¥°—(-3)°
x—(=3)
_ 363 (323 9 1
5.(-3)>"1 5°(-3* 578 15
(vi)Letl1 +x=h = x=h-1, sothat whenx =0, h = 1.
5_ 5 _ 5_15
Lt (1+x) 1: Lth 1:Lth 1
x—0 x h—»1 h—-1 ns1 h-1
=5x(1)>1=5x1=5.
(vii) Let 1 +x=h = x=h-1, so that whenx = 0, h — 1.
11
2 42 1
Lt Jitx -1 _ Lt Vi -1 _ e -1 lx(l)z 11,921
x>0 X h—»1 h-1 -1 h-1 2 2 2
Alternatively
L N1+x -1 AVl1+x -1 A1+x +1 _ 1+x)-1 X
t ———— = Lt X = Lt = A W 2
x50 x PN x Vi+x +1 xo0x(W1+x +1) 450 x@®QI+x +1)

1 1 1 1
Lt = = =—.
x=04/1+x +1 J1+0+1 141 2

Example 6. Evaluate the following limits :

v —41- 1 1 1
() ¢ MLF3X —ANI1-3x (i) Lt & e
Hy : AW T
M+3x —1- | . -
Solution. () Lt VL*3¥-V1-3v _ | c\H+39= 13  J1+3x +41-03x
x—0 X x—0 x \/1+3x +«/1—3x
= (1 +3%) AL 3x)» € L 6x
x50 x (It 3% #123x) x50 x(V1+3x ++/1-3x)
= Lt Y = 6 =6 _3
10,4 b+ 3+ J1-3x J1+3x0 +/1-3x0 2
Jx —
G) Lo L[l b Noeq 1 x-Nxdh
h=>0 b\ Ax + I p/x >0 b Jx+h
1 Nx—x+h Nx++x+h 1 x—(x+h)
= Lt —- — X — - = t —- —
=0 b fx+hx Jx ++x +h =0 h x+h Jx (Wx +4x +h)
-1 1 1

Lt -1 - 1 .
150 Jx+hyx Nx +x +h)  Jxdx (e +4x) 2032

Example 7. Evaluate the following limits :

2 _ la+2x —./3
i) e —<=9 (i) rp NLTEXTAPY
x=>-3 Jx2+16 -5 x—a Ve‘3a+x—2\/;
(NCERT Examplar Problems)
2 _ 2 _ [y2
Solution. (i) Lt xfg = 79 L Nx+16+5

L ‘
=3 \x2 416 -5 23 x2+16 -5 Jx2+16 +5

B (x2 - 9)(Nx2 +16 +5) _ T
B xl;tn’) (x2 +16) - 25 B xl_;tf?a (Vx2 +16 +5)

=J9+16 +5=5+5 = 10.
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/ - f -Bx  Ja+2x +. B3a+x +
(i) Lt la+2x 3x - Lt a+2x N3x>< a+2x 3xxw3u x +2\x

x>a \[Ba+x —24x x—a \/3a+x —24x \/3a+x +24x Ja+2x +3x

3 (a+2x)—3xxv“‘3u+x +2\x
T oxDa Ba+x)—-4x Ve“a+2x +\"ﬁa

a—x  Jf3atx +2x J3a+x +24x
Lt X = Lt
x—>a 3a—-3x \/2a+x+ [3x x—a 3(\/2a+x +.3x)

YBa+ta+2Ja  4ja 2
3(J2a+a+,3a) 3.23a 343

(In this problem, it is understood that a > 0, otherwise the function will not be defined
in the neighbourhood of @ and the question of evaluating limit does not arise.)

G(x) = G(1)

x —1

Solution. Given G(x) = — V25 — x> = G(1) = —+/25-1=—+/24.

Example 8. If G(x) = — V25 — x? , evaluate Lt1

L Gw-G6m —25 - x2 — (=+/24)
x—1 x -1 x> 1 x—-1
L V24 —N25 — ¥ L AN L V24 + V25 - 7
x—>1 x -1 x—1 a— 1 \/ﬂ+\/25_x2

24 — (25%=%?) x? -1
t = Lt
o1 (p - 1) (V24 HN2BRY) o1 (v — 1) (V24 + V25-42)

x A1 1+1 1

L = = .
S Qs i+ Bl I

Example 9. Evaluate the followinglimits :

_ ) 6 _
i) 1 2= iy Lt X1 (NCERT Examplar Problems)
x—0 x x50 (1+x)2 =1

Solution. (i) Let 1=~ x=h = x=1-h, so that whenx — 0, h — 1.

(I1-x)"-1 ht -1 B —1n -
Lt = Lt =— Lt —_pn. 1"l = — 4.
x—0 X h>1 1-h h>1 h-1

(1)) Let 1 + x = h, so that when x - 0, h — 1.

) " -1
(A+x0°-1_ | ho-1_no1 h-1 _ 6x1°1 _6 4
x50 1+x)2 -1 no1h2-1 h? -1 21271 2 '
-1 h-1
Example 10. Evaluate the following limits :
1/3 _ ~1/3 4_
(i) ¢ G¥DT-21 i) L o
x—0 X x—1 X —
(NCERT Examplar Problems) (NCERT Examplar Problems)

i) Lt (x +2)5/3 — (a +2)5/3

x—a X—a

(NCERT Examplar Problems)
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Solution. (i) Let x + 2 =h = x = h — 2, so that when x = 0, h — 2.

Lt (x+2)1/3_21/3 _ ¢ K1/3 _21/3 _ l o=
x—0 x h—>2 h-2 3
(ii) Let Vx =h, so that whenx = 1, h — 1.
Le oV o PBeh ey Mol g ey
151 Nx -1 h—»1 h-1 h—1 h-1
(iii) Letx + 2=yanda+2=h=x—-a=y—h, so that when x > a, y - h.
L (x +2)53 — (a +2)% _ L Y53 — 153
x—>a xX—a y—h y—-h
5 2. 5 2 5
= 2 (W3 =23 =2(g+2)23
S0 =2 = 2@)
xn_zn

Example 11. If Lt, =80 and n € N, then find n.
xX—

xn_zn

X —

Solution. Given Lt =80 = n.2"1 =80
x—2

= n.2"1 =525 = y=>5,

2 —
Example 12. If f(x) = {x JU =T oes Lt ), eoist?
-x-=-1, x>1 x—

Solution. Lt f(x) = Lt (x2-1)
x—1" x—>1"
= 12-1=1-4-0
and Lt f(x) = LtA=a®-=1)
x—1* x—1*
= 2 B=r1-1=-2
= Lt f(x) # "Bt f(x) = Lt f(x) does not exist.
x—>1" 21" x—1
Example 13. Find Lf f(x) and Lt f(x), where f(x) = 4 >~ +3
P ) x—0 x—1 ! - 3(x+1)
Solution. Lt f(x) = Lt (2x + 3)
x—0" x—0"
=2x0+3=3
and Lt f(x) = Lt 3(x+1)
x—0% x—0%
=30+1)=3
= Lt f(x) = 3= Lt f(x) = Lt f(x)=3.
x—0" x—0"* x—0
Lt f(x) = Lt 3(x +1)
x—1 x—1

3(1+1)=6.

(NCERT Examplar Problems)

(NCERT)

(v fx) =x>-1forx<1)

(v f(x) =-x2-1 for x > 1)

, x<0

ERT
x>0, (NCERT)

(v f(x) =2x + 3 for x £ 0)

(v f(x) =3(x + 1) for x > 0)

( f(x) =3(x + 1) for x > 0)
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x+2 , x<-1 . .
Example 14. Let f(x) = { ol x> _l,fznd cif x5t—1 f(x) exists.
(NCERT Examplar Problems)
Solution. Lt f(x)= Lt (x+2) (v f(x) =x+2forx<-1)
x—-1" x—-1"
=-1+2=1
and Lt f(x) = Lt ox? (v f(x) = cx? for x > -1)
x—-1* x—-1*
=c.(-1?=c

Since Lt f(x) exists (given),
x—>-1
Lt f(x) = Lt f(x)=1=c
x—>-1" x—-1*

Hence, c = 1.

a+bx , x<l1
Example 15. Let f(x) = 3 4 , x=1 and if Lt1 f(x) = f(1), what he possible values of
b—ax , x>1 =

aand b? (NCERT)
Solution. Given f(x) = 4 when x = 1 ie. f(1) = 4.
Lt f(x) = Lt (a+ bx) c (v f(x)=a+ bx for x < 1)
x—1" x—1"
=a+bxl=a+b ‘b.
and Lt f(x) = Lt (b-ax) \ (v f(x)=0b-ax for x > 1)
x—1* x—1*
=b-ax1= bQ

Since Lt1 f(x) = f(1) (given) t f(x) =f(Q1)
x— x—1*

= a+b=b-a=4
= a+b=4andb-a=
Solving these equation taneously, we get a =0, b = 4.

Hence, 2 = 0 an

X

Example 16. Let f be a function defined by f(x) = {Ix| x#0
0 , x=0.
Does Lto f(x) exist? (NCERT)
x—
Solution. Lt f(x) = Lt 2o 2 (vx—=0 =2x<0 = lxl =-x)
x—0~ xs0” Xl xsom —x
- Lt (1) =-1
x—0"
and Lt f(x) = Lt X o X (vx—=0" =2x>0 = lxl =x)
x—0" x—0* x| x—0" X
- Lt 1) =1
x—0"
= Lt f(x) # Lt f(x) = Lt f(x) does not exist.
x—0" x—0* x—0
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5x
Example 17. Let f be a function defined by f(x) = {lxI-2x2 P20
0 ,x=0.
Does Lt f(x) exist?
x—0
. 5x 5x _
Solution. Lt f(x)= Lt ———= Lt ———— (x>0 =2x<0=|x|=-x)
x—0- xo0- lxl1=2x2  y50- —x—2x2
- oL —>2 =% __5
v —1-2x  —1-2x0
and Lt f(x)= Lt _ox t X (vx>0"=2x>0=|x|=x)
x>0* xs0t lxl=2x2 xS0+ x—2x2
- 2 =_> _5

o0t 1-2x  1-2x0

= Lt f(x) # Lt f(x) = Lt f(x) does not exist.
x—0" x—0* x—0

Example 18. Show that Lt4|x_4| does not exist. (NWCERT Examplar Problems)
x— X —
Solution. Lt X=4! _ 14 —x-4) (vx—>4 " =26-45x0=|x -4 =-(x-4))
x4 x—4 o4 x—4
= Lt (-1)=-1
x—4"
lx—41 x—4
and Lt = Lt ("A>4"=2x-4>0=|x -4l =x-4)
x—»4t x—4 x4t x—4
= Lt (1)=1
x—4*
= pe oAl g Dx— 4 My TR 40 4 00s ot exist.
x4~ x—4 x4t x4 x—4 77X —

lxl+1 , x<0

Example 19. Let f be a function defined by f(x) = 0 , x=0. (NCERT)
lxI-1 , x>0

For what value(s) of adoes xI:fu f(x) exist?

Solution. As a is a real number, the following three cases arise :
Case I. When a > 0.

Lt f(x) = Lt (IxI-1) (v f(x) = Ixl =1 for x > 0)

xX—a xX—a
= Lt (x-1) (x—>aanda>0 =x>0 = lxl =x)

x—a

=a-1

Case II. When a < 0.
Lt f(x) = Lt (Ixl +1) (v f(x) = Ixl +1 for x < 0)

xX—a x—a
= Lt (~x+1) (vx—>aanda<0 =2x<0 = lxl =-x)

x—a

= -a+1
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Case III. When a = 0.
Lt f(x) Lt f(x)= Lt (IxI +1) (v f(x) = Ixl +1 for x <0)

x—a~ x—0" x—0"

= Lt (x+1)=0+1=1

x—0"
and Lt f(x) = Lt f(x)= Lt (Ixl -1) (v f(x) = Ixl =1 for x > 0)
x—a* x—0* x—0*
- Lt (x-1)=0-1=-1
x—0%
= Lt f(x) # Lt f(x) = Lt f(x) does not exist.
x—a~ x—at x—a

On combining all cases, we conclude that Lt f(x) exists for all real values of a except when
x—a

a=0.

Example 20. Find the left limit of the function f defined by f(x) = N5 — x as x — 5. Does the right
limit exist when x = 57

Solution. Lt f(x) = Lt v5-x =0.

x—5" x—5"
Further, asx — 5 through values x > 5, 5 — x is negative, thergfore) the function is not defined
on the right of 5.

Hence, Lt f(x) does not exist.
x—5"

Example 21. If the function f (x) satisfies Lt f(f) —12 = 7, evaluate Lt f(x). (NCERT)
X — Yo x —
Solution. Given Lt w =7 ...(0)
r—>1 x° -1
But Ltl(xz -1)=12-1%=0.
Since Lt1 f (925) _12 exists, therefore, it is essential that
x - X —

Lt (L 2 0
Lt (f)-2) =0 = Lt f()=- Lt 2=0
= Lt f)-2=0= Lt f() =2

EXERCISE 13.1

Very short answer type questions (1 to 11) :
Evaluate the following (1 to 9) limits :

1. () Lt (x2+x) (i) Lt (3x3 —5x + 2).
x—1 x—2
2. () Lt (x +3) (NCERT) (i) Lt mr (NCERT)
x—3 r—1
3. (i) Ltl (2x =12+ 5) (i1) Lt1 (x40 —3x12 4 1)132,
g x—
. x+2 . x2-9
4. () Lt (i) Lt

=0 x—3 x—2 x+2
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

() Lt =*b
x—>0 cx +1

2_
G) Lt =2
x—>3 x+2

() Lt &FP
x—0 cx +d

(NCERT)

2 _
(i) Lt 222
x—>3 X—3
(NCERT Examplar Problems)

1 1

() 1t X2
¥—2 x—2

x—2, x<0
x+2, x>0

If f(x) = { find

@ Lt f(x) (i)

Let f be a function defined by f(x) = {

(if)

(if)

(if)

(i)

(if)

xgt—l f(X)

Evaluate the following (12 to 25) limits :

4x% -1

1 2x-1
2

(NCERT Examplar Problems)

3_
() Lt X =8
x—=2 x—2

(@)

xX—

x? —3x+2

i) Lt
) 77

x—1

3 4.2
(i) Lt X ézlx +4x

x—2 xc -4

2
i) Lt [Sx 3 Ax +1j
x—>
2

(NCERT)

2x - 1" 4x® =1
(NCERT Examplar Problems)

2 _
G) L — -2
x—oA2 x2+:2x-4

() Lt Y2rx-2

er

(NCERT Examplar Problems)

\/1+x —\/1 x3

(i)

er
(NCERT Examplar Problems)

V3—-x-1

(i) Lt e

x—2

(x+1) x+13

(1) Lt P

x—3

(i1)

(i1)

(i1)

(if)

(if)

(i)

(if)

(if)

(if)

(i)

MATHEMATICS - XI

Lt Vl+x +41—x
x—0 3-x '
x3 - 3x+1

Lt
x-1

x—-1
x3+2x-5

x—2 x+2

2x2 +3x +1

Lt
x2 -1

x—-1

x5 -32
x-2

x—2

(iii) Lt flx).

7

<0
. Does Lt"fi(x) exist ?
x=0

2, x>0

Lt x—l
x>1 242 ~7x ¥5

3_
Lt x2 27'
x—=3\ x“ =9

Lt x2 —9x+20
x—5 x —6x+5

x3 —2x2

Lt ————— (NCERT)

x—>2x —5x+6

Lt( 1 2(2x-3) )

=2 x -2 x3_3x2 +2x

(NCERT Examplar Problems)

4 _
L -9
x>y3 x2+4/3x-15

X
Lt ——.
=0 AJ1+x -1

JxT Jx

h—>0

(NCERT Examplar Problems)

x—3
x—>3\/ -4 —x

Lt x? -9

x>-3 32 416 -5
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8 5
22. (i) Lt =26 (i) Lt X =312
x—>2 x—2 xr—»5 x-5
3/2 _ 5_
23. () Lt =8 (i) Lt =28
x—4 x-—-4 x>3 y2_9
. 3/2 _ 3/2 _ 43/2
Hint. ) Lt < 81t X 4
x—>4 x—4 x—4 x—4
10 m _ _m
24. () Lt X102 (i) Lt =7
x>2 x2_-32 x—a x" —qa"
. 1+x)" -1 . N1+x -1
25. () Lt — @ L et
26. If Lt3 xi -3 108 and n € N, find n. (NCERT Examplar Problems)
x— -
x4 -1 _ x3 -k L
27. If Lt = Lt , find all values of k. (NCERT Examplar Problems)
r51x-1 x5kx?2—k2
xg - {19
28. If Lt = Lt5 (x + 4), find all possible real values, ofa.
x—a X —da X —
29. If a;, a,, ..., a, are fixed real numbers and a function fiis/defined by

30.

31.

32.

33.

flx)=x-a) (x-ay) ... (x —a), find Lt/ flx).

For some a # a, a,, ..., a,, compute Ltf (%)
xX=a

1+x2 , 0<x<1
(i) If () = {2

mdoes WLt gf (x) exist?
—x , x> 1 x—1

(i) T GO 5x -4 ,(x <1 find Lt )
1 X) = , fin t f(x).
f 4x? - 34 a1 x—>1f

x <

7

(i) If fis defined By~f (x) = , does Lt1 f(x) exist? If so, find it.

x—

1-x , x>
2

N[N =

(i) If f(x) = {i i- }: gjﬁ ; 8, show that x[icof(x) does not exist.

1
<x<_=
x ,0<«x 5
Letf(x) =3 0 ,x :% , show that Lt f(x) does not exist.
1 xe%
x—1,=<x<1
2
3x-1 ,x<0

Let f be defined by f(x) = 4 0 , x = 0. Evaluate
2x+5 , x>0

(i) Lt f(x) (i) Lt f(x). Does Lt f(x) exist? If no, explain.
x—2 x—>-3 x—0
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34. Find k so that Lt2 f(x) may exist where f(x) = {
x—

MATHEMATICS — XI
4x -5, x<2
x—k, x>2

[ x|
, x20

35. Let f be a function defined by f(x) = {T . Does Lt f(x) exist? (NCERT)

0 ,X:O x—0

36. If f(x) = x| -5, evaluate the following limits :
() Lt f(x) (i) Lt f(x) (i) Lt5 f(x) (NCERT) (i) Lt5f(x).
x—5" x—5" xX— X—=

x— lxl

37. Let f(x) =

—,x#0
-2 ,x=0

, show that Lt f(x) does not exist.
x>0

13.1.5 Some standard theorems on limits of trigonometric functions

Theorem 3. (i) Lt sinx=0 (ii)) Lt cosx=1 (iii) Lt tan x = 0.
x—0 x—0

Proof. (i) First, let x - 0%, so that 0 < x < % Consider a circle

x—0

P
\
of radius 1 unit having centre at O. Let A, P be two points on the
circle (as shown in fig. 13.6) such that the length of the arc AP A l
(measured in anticlockwise direction) equals x, then radian
measure of ZAOP = 2£¢ _AP =X =
radius 1
From P, draw MP L OA and join A, P. Then Fig. 13.6.
sin x = %:ﬁ:l\/ﬂ) Q)

From the figure, clearly
area of A OAP < area of sector OAP

= %.OA.MP < % (ragis) b

1 . 1
= = .l.sinx< = .12
2 2

= sinx<x

(using (1))

But sin x >0 ('.'0<x<%:>sinx>0)

O<sinx<ux

Also Lt 0=0and Lt x =0, therefore, by squeeze principle,

x—0" x—0"

Lt sinx=0

x—0*

Further, Lt sinx = Lt sin (-x)

x—0" x—0"

= Lt (-sinx) =- Lt sinx
x—0* x—0"
- -0
= 0.
Thus, Lt sinx=0= Lt sin x.
x—0" x>0~
Lt sinx = 0.

x—0

...(2)

(By theorem 1)

(using (2))
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(ii) Lt cosx = Lt (1—2 sin? f)
x—0 x—0 2
2
= Lt1-2]| Lt sin>
x—0 x 0 2
2
=1-2x0
= 1.
. Lt sinx
(71i) Lt tan x = Lt 20* - x>0
x—=0 x—0 COSX Lt cosx
x—0
- Yo
1

Theorem 4. (i) Lt sin x = sin ¢
xX—cC X—cC

Proof. Put x =c + h, when x = ¢, h — 0.

(ii) Lt cos x = cos c.

689

(- asx%O,%%O)

(using Lt sin x = 0)
x—0

() Ltsinx = Ltsin(c+h)= Lt (sinc cosh + cos c sin h)
h—0 h—0

xX—cC

=sinc Lt cosh+cosc Ltsinh
h—0 h—0

=sinc X1+ coscx0=sinc.

(1)) Lt cosx = Lt cos (c + h) = Lt (cos ¢ cos h — sitnc sin h)
h—0 h—0

X—>C
= cos ¢ Lt cos h — sin ¢ Lt sin &
h—0 h—0

cosc X1 —sincx0 = cos'.

. i .. ti
Theorem 5. (i) Lt Smro_q (ii) ALt i 8
x—0 X x—0

Proof. (i) First, let x — 0*/sonthat0 < x < % Consider a

circle of radius 1 unit having centre at O. Let A, P be two points
on the circle (as shown in figl 18.7) stich that the length of arc AP
(measured in anti-clockwise direction) equals x, then

arc AP
radius

Draw AQ L OA at A to meet OP produced at Q. Let M be
the foot of perpendicular from P on OA. Then

radian measure of ZAOP = = % = x.

MP _ MP

Slnx=ﬁ—T=MP
_AQ _AQ
and tan x = OA T = AQ.

From the figure, clearly

area of AOAP < area of sector OAP < area of AOAQ

= %.OA.MP< % (radius)?. x < %.OA.AQ

= l.l.sinx< 1.12.x< l.l.tanx
2 2 2

= sinx<x<tanx

X tan x
. < .
sin x sin x

= 1<

=1 (i) Lt 1705% _
x—0

Fig. 13.7.

..(1)

..(2)

(using (1) and (2))

('.'0<x<g=>sinx>0)
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x 1 sin x
- < = 1 >
sinx  cosx

= 1<

> COS X

sin x

= oS x< < 1.

Also Lt 1=1and Lt cosx =1, therefore, by squeeze principle,

x—=0" x—0"
Lt 28X g ...3)
x—0" X
Further, Lt 2% = ¢ sin(-2) (By theorem 1)
x—0- X x—07* —-X y

x—07* -X x—0t X
=1 (using (3))
L SN _q_ o, sinx o, osinx
x—0t X x—0- X x—>0 Xx
(i) Lt tanx _ Lt (smx 1 ): L Sinx 1
x— X x—0 X COS X x—0 X x—0 Ccosx
=1. l =1
1
1— cosx 2sin? x sinﬁ X
i) Lt —<% = 1t — 2 = Lt 2 sint
x—0 x x—0 x x—0 x 2
2
X
sin — .
= Lt 2 Lt sins Z1x0=0.
X0 = X0 2
2 2 2

13.1.6 Evaluation of limits invelving trigonometric functions

ILLUSTRATIVE EXAMPLES

Example 1. Evaluate the following limits :

. ) .
(i) Lt 2 N(NCERT) (i) Lt 22X (i) Lt 222X (NCERT)
x—0 bx x—0 x x—0 sinbx
Solution. (i) Lt 2% — L (Sm“" £)=£. Lt 20X (as x = 0, ax — 0)
x—0 bx x>0\ ax b b ax—0 ax
=7« 1= E
b b
. sin? x 1 sinx . 1 sinx .
(i) Lt = Lt (—. .smx):— t . Lt sinx
x—0 5x x—=0\ 5 X 5 x>0 X x—0
- Lxixo0-=-o
5
(iii) Lt sinax Lt (sinax bx ﬂ)
x—0 sinbx x—0 ax  sinbx b
= 4oy S 1. x>0 =ax >0, bx =0
b ax—0 ax Lt sin bx
bx—0 bx
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9. If for the function f defined by f(x) = kx2 + 7x — 4, f'(5) = 97, find the value of k
(use definition).

10. Find the derivatives of the following functions from first principles :

. o 3x—1
2x3 +

(@) 2x3 + 5 (i1) i3

11. Show that the derivative of the function f, given by

(ii7) sin (ax + b).

flx) =2x3 - 9x% + 12x + 9, at x = 1 and at x = 2 are equal.

d X a
12. Ify= | X+ |2, that 2y -*_4
y B o prove a xy ix 2 o

13. If y = % prove that x Z—y =y -y).
x

x+a’
14. Find the derivative of sin 2x at x = ~ from definition.

Find the derivatives of the following (15 to 19) functions :

. 1) 3 1\, 1
15. (l) (x - W] (11) (x - zj(x - x—2) .
16. (i) 5 tan x — 3 sin x + 4x3/2 (i) (1 + x?) cos «x.
17. (i) (2 - 5x + 6) sec x (if) i:igz .
18. () L-tanx (i) S0 (NCERT)

1+ tanx CoSX
) (Rt
ANSWERS
EXERCISE 13.1

1. (2 ()16 206 (i) 3. (i) 6 (i) 1
4 () - % (i) S % 5. () b (i) % 6. (i) 0 (if) — %
7. (i) % (i) % 8. (i) 6 (i) % 9. (i) -% (if) 80
10. (1) 3 (1) -3 (1ii) does not exist 11. No
12. )2 (i) -é 13. () 12 (if) % 14. (i) -% (if) %
15. () 0 (i) -4 16. (i) % (i) —% 17. (i) % (if) 2
18. (i) % (ii) 2 19. (i) 0 (i) % 20. (i) % (i) 1
21. (i) % (if) 10 22. () 1024 (if) 3125 23. (i) 3 (i) %
24. ()64 (ii) %a 25. (i) n (if) % 26. 4
27. % 28. 1, -1 29.0, (@a-a) (@a-a,) ... (a-a,)
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