Pythagoras Theorem

Question 1.
Lengths of sides of triangles are given below. Determine which of them are right
triangles. In case of a right triangle, write the length of its hypotenuse:
(i)3cm,8cm, 6 cm
(ii)13 cm, .12 cm, 5 cm
(iii) 1.4 cm, 4.8 cm, 5 cm
Solution:
We use Pythagoras Theorem’s converse:
(i) Sides of a triangle are 3 cm, 8 cm, 6 cm
3+6'=9+36=45
and 8° = 64
45 264
- It is not a right triangle.
(ii) Sidesare 13 cm, 12 cmand 5 cm
122+ 5= 144 + 25 = 169
and 13?= 169
- 123+ 52 = 132
- It is a right angled triangle.
(#iii) 1.4cm, 4.8cm, 5 cm
and (1.4)* + (4.8)*= 1.96 + 23.04=25 -
and (5)2 =25
(1472 + (4.8 =52
- Itis a right angled triangle

Question 2.

Foot of a 10 m long ladder leaning against a vertical well is 6 m away from the
base of the wail. Find the height of the point on the wall where the top of the
ladder reaches.

Solution:



Let AB be wall and AC be the ladder
Ladder AC=10m

BC=6m

Let height of wall AB = h

A
\Q@ h
.
C 6m B
By Pythagoras Theorem,

AC?=BC?+AB?= 102= 6+ I |
= 100=36+h*=> }* =100 - 36 = 64 = (8)*
.. h=8 -

.. Height of wall = 8 cm

Question 3.

A guy attached a wire 24 m long to.a vertical pole of height 18 m and has a stake
attached to the other end. How far from the base of the pole should the stake be
driven so that the wire will be taught?

Solution:



Let AB be the pole and AC be the wire
attached

AB=18mand AC=24m

A

18cm

C

- wld

In right AABC,

AC?=BC*+AB*  (Pythagoras Theorem)
24 =BC?+ 18* = BC*=242- 18§

= BC= |/576-324 = {252
= Jax9x7 =2x37 =6,Tm

Question 4.
Two poles of heights 6 m and 11 'm stand on a plane ground. If the distance
between their feet is 12 m, find the distance between their tops.



Solution:
Two poles AB and CD are 12 m apart
AB=6m,CD=11m
From A, draw AE || BD
ThenAE=BD=12m

6m | 11m

B 12m D

CE=CD-ED=CD-AB
=]1-6=5m
Now in right AACE
AC?*=AE*+CE?  (Pythagoras Theorem)
=122+ 5 =144 +25 =169 = (13)°
» AC=13m _
~. Distance between their tops =13 m

Question 5.
In a right-angled triangle, if hypotenuse is 20 cm and the ratio of the other two

sides is 4:3, find the sides.
Solution:



In the right angled triangle hypotenuse = 20 cm
ratio of other two sides = 4 : 3
Let First side = 4x
then Second side = 3x
By Pythagoras theorem,
(Hypotenuse)? = (First side)* + (Second
side)
w (200 = (4x)* + (31}2
= (20=16x*+9x* = 400 =25x2

400 '
=55 = ¥=16= x=fig =4

. Firstside=4x=4 x4 ¢cm =16 cm
Second side=3x=3x4cm=12cm
Hence, other two sides of right angled
triangle = 16 cm and 12 cm.

Question 6.
If the sides of a triangle are in the ratio 3:4:5, prove that it is right-angled triangle.

Solution:

Let three sides of given triangle ABC is AB,
BCandCA=3:4:5

Let AB=3x, BC=4x and CA = 5x
Here (AB)? + (BC)* = (3x)* + (4x)?

=0x? + 16x? =25x*

Also, (CA) = (5x)* = 25x?

i.e. (AB) + (BC)*=(CA)?

Hence, ABC is right angled triangle.

Question 7.
For going to a city B from city A, there is route via city C such that AC L CB, AC =

2x km and CB=2(x+ 7) km. It is proposed to construct a 26 km highway which
directly connects the two cities A and B. Find how much distance will be saved in
reaching city B from city A after the construction of highway.

Solution:



In right AABC, £C =90°
(2x) + [2(x + 7))* = 26°

C (city)

NG
> Z

A (city) 26km (city) B

4x? + 4(x* + 14x + 49) = 676"

437+ 4x2 + 56x + 196 - 676 = 0

8x*+ 56x—-480=0

x*+Tx—-60=0 (Dividing by 8)
x*+12x-5x-60=0
X(x+12)-5(x+12)=0

(x+12) (x-5)=0

Either x + 12 = 0, then x = —12 which is not
possible being negative
orx—5=0,thenx=35

Now distance between AC= 2x

UUUUUUU

=2x5=10km
and between BC =2(x+ 1) =2(5 +?)
=2x12=24

». Distance fromAtoCand BtoC=10+24=
34 km

. Distance saved = 34 — 26 = 8 km

Question 8.
The hypotenuse of right triangle is 6m more than twice the shortest side. If the
third side is 2m less than the hypotenuse, find the sides of the triangle.



Solution:
Let the shortest side of right angled triangle
=xm
Hypotenuse = (2x + 6) m.
Third side = [(2x + 6) - 2] m
By Pythagoras theorem,
(2x +6)* =x? + [(2x + 6) - 2]
4x2 436 + 24x =x3+ (2x + 4)?
4x* +36+ 2d4x=x+4x*+ 16 + 16x
36+ 24x=x>+16 + 16x
0=2x+16+ 16x — 36 — 24x
0=x*-8x-20 = x*-8x-20=0
x=10x+2x-20=0
x(x=10)+2(x-10)=0
x+2)(x-10)=0
Either x+2=0 or x-10=0
x ==2 (Which is not possible)
or x=10
Hence, shortest=x= 10 m
Hypotenuse = (2x+ 6)m=(2 x 10 + 6) =26 m
Third side = (2x + 6) —m = 26m — 2m = 24'm

UUUUUULLU

Question 9.
ABC is an isosceles triangleright angled at C. Prove that AB? = 2AC-2.

Solution:



- AABC is an isosceles right triangle, right
angleat CCAC=BC A

B C

To prove : AB?=2A(C?

Proof : In right AABC

ZC=90° -
AB?=AC*+BC* (Pythagoras Theorem)
=AC*+AC? (- BC=AC)
=2AC?

Question 10.
In a triangle ABC, AD is perpendicular toBC/Prove that AB> + CD? = AC? + BD2.



Solution:
In AABC, AD 1L BC

A

Al
B D ' C
To prove : AB* + CD? = AC? + BD?
Proof : In AABC, AD L BC
. AABD and AACD are right triangles

In right AADB,
AB?=AD?+BD?* (Pythagoras Theorem)
= AD?=AB?- BD? (i)

Similarly in right AADC
AC?*=AD? + CD?
= AD*=AC!-CD? (i)
From (i) and (if),
AB?-BD?*=AC? - CD?
= AB?*+CD?*=AC?+BD?

Question 11.

In APQR, PD 1L QR, such that D lies on QR. If PQ=a, PR=b, QD =c and DR =d,
prove that (a + b) (a —b)= (c + d) (c — d).

Solution:



In APQR, PD 1L Qr

PQ=a,PR=b,QD=c,DR=d

Toprove:(a+b)(a—-b)=(c+d)(c-d)

Proof : In APQR, PD L QR

Now in right APQD

PQ*=PD?*+QD?  (Pythagoras Theorem)
= PD*=PQ*-QD*=¢g* —¢? w(7)

Similarly in right APDR

PR?=PD? + DR?

P

r
Q ¢ D d R

= PD*=PR*-DR?
b -d* s (i)
From (i) and (if),
a-ct=br-4

> a-P=-d

= (a+b) (a—-b)=(c +dylc —=d)

Question 12.

ABC is an isosceles triangle with AB = AC =12 cm and BC = 8 cm. Find the
altitude on BC and Hence, calculate its area.

Solution:



To find, Altitude on BC i.e. value of AD
In isosceles triangle perpendicular from vertex
bisects the base

A
i
& XS
O
B D&m (C
. BD=DC
1
. BD=5xEcm=4cm.

In right angled triangle ABD
By Pythagoras theorem

AD*+BD*=AB? = AD? + (4)*= (12)
AD*+16=144 = AD*=128

AD = /128 = J64x2 = 3.2

. Altitude on BC = g,/ . Ans.

-1
Area of AABC = 3 = base x Altitude

1
Exﬂxﬂﬁﬂmz=4xﬂﬁcm=

= 3242 cm?.

Question 13.
Find the area and the perimeter of a square whose diagonal is 10 cm long.



Solution:
. Let ABCD be a square whose diagonal
AC =10 cm

Let length of sides of squared = x cm

In AABC

By Pythagoras theorem

AC?*= AB?+ BC?

= (10p=x+x = 2:2=100
100

=7

= =50 = x=.50

= x=25x2 = x=542 cm
Area of square = side x side

=542 x542 em? =25 x 2 cim?
Perimieter of square = 4 x side

=4x 5.2 em=20.2 cmAns.

Question 14.

(a) In fig. (i) given below, ABCD is a quadrilateral in which AD =13 cm, DC =12
cm, BC =3 cm, 2 ABD = «BCD = 90°. Calculate the length of AB.

(b) In fig. (ii) given below, ABCD is a quadrilateral in which AB = AD, 2A =90°
=£C,BC =8 cm and CD =6 cm. Find AB and calculate the area of A ABD.

D Hom

A
[ ] B
\/ !
C

) (if)

w3




Solution:
(a) Given. ABCD is a quadrilateral in which
AD =13 ¢m, DC = 12 ¢cm, BC = 3 cm and

Z ABD = £BCD = 90° .

To calculate : the length of AB

Sol. In right angled triangle BCD

By Pythagoras theorem,

BD?= BC? + DC?

= BD*=(3)*+ (12)

= BD'=9+ 144

= BD* =153 (i)
Now, in right angled A ABD,

By Pythagoras theorem,

AD? = AB?*+ BD? = AB?= AD? - BD*

= (13)* - 153 (- BD? = 153)
=169-153 =16 = AB= .6 =4
Hence, length of AB = 4 cm.

(b) In right angled triangle BCD,

By Pythagoras theorem,

BD?= BC? + CD*= (8)* + (6*= 64 +36. = 100
= BD= 100 =10

- BD=10cm.

In right angled triangle ABD,

BD?!= AB* + AD?

= BD? =AB*+AB? | (" AB = AD (given))
= (10)*=2AB*

= 2AB?= 100

= AB3=1—2—0-=5EI
= AB= 50

= J25x2 = 52

. AB= 5_1_/2_ cm



1
Area of AABD = E x AB x AD

|
= o 52 x 542 cm?  (*~ AB=AD)

_ 25x2
2

cﬁm’ =25 cm?

Question 15.

(a) In figure (i) given below, AB =12 cm, AC =13 cm, CE =10 cm and DE = 6
cm.Calculate the length of BD.

(b) In figure (ii) given below, ZPSR =90°, PQ=10cm, QS =6 cm and RQ =9 cm.
Calculate the length of PR.

(c) In figure (iii) given below, 2 D =90°, AB =16 cm, BC =12 cm and CA =6 cm.
Find CD.

(1)

Solution:



(a) Here AB = 12 ecm, AC = 13 cm,
CE = 10 cm and DE = 6 cm.
To calculate the length of BD.

Sol. In right angled A ABC
By Pythagoras theorem,
AC? = AB* + BC?

(13 =(12)* + BC?
BC?=(13)*-(12)
BC?*= 169 - 144
BC*=25

BC=,25 =5

s BC=5em L. (1)
In right angled ACED

By Pythagoras theorem,

CE?=CD’ + DE? X

= (10p=CD*+(6) = CD*=100-36

= CD*=64 = CD=,p4 = CD=8

TR TR T

s, CD=8cm. .. (2)
Hence, length of BD = BC + CD

=5cm+ 8 cm [Putting from (1) and (2)]
=13 cm

(b) Here £ PSR = 90°



PQ=10cm, QS=6cmand RQ=9cm

To calculate the length of PR

Sol. In right angled APQS.

By Pythagoras theorem,

PQ* = PS*+ Q§?

= (10 =P8 +(6) = (10)*-(6)*=PS§?

= 100-36'=PS*=PS*=64=>PS=_[gq =8
PS=8 cm.

Now, in right angled APSR

By Pythagoras theorem,

PR?= PS?*+ RS?

PR? = (8)? + (15)? (RS=RQ +

Qs)
PR*=64 +225=(9+6)cm=15cm
PR?= 289

PR= f280 =17
* PR=17cm.
(c)Here £ D = 90°
AB=16cm, BC=12cm and CA =6 cm
To find CD
Sol. Let the value of CD = x ¢m,
By Pythagoras theorem,
AB*=AD? + BD?
= - (16)*=AD? + (BC + GD)?
= (16)*=AD*+ (12 + x)
= AD*=(16-(12+x)* .. ... (1)
Now, in right angle A ACD
By Pythagoras theorem,
AC*= AD? + CD?
(6) = [(16) — (12 + x)] + x*
(. From (1) putting the value of AD)

U

= 36 =256 — (144 + x* + 24x) + x°
= 36=256- 144 —x?— 24y + 52
= 36 =256 144 — 24x
= 24x=256-144-36 = 24x=76
76 19 1
:} = oee— = e = —.
*T 24T G 6

1
Hence, CD = 33- cm.



Question 16.

(a) In figure (i) given below, BC =5 cm,

4B =90°, AB = 5AE, CD = 2AE and AC = ED. Calculate the lengths of EA, CD, AB
and AC.

(b) In the figure (ii) given below, ABC is a right triangle right angled at C. If D is
mid-point of BC, prove that AB2 = 4AD? — 3AC-2.

A
A
E
4 [
B C D B D C

@ (i)

Solution:



‘a) Here BC = 5 cm, £B =90°, AB = 5 AE,
CD =2AE, AC=ED

To calculate the lengths of EA, CD, AB and AC

by 4 U

Uy

In right angled AABC
By Pythagoras Theorem,
AC?*=AB’ + BC? ()
Also, in right angled ABED
ED?, in right angled ABED
ED? = BE? + BD? _ - (if)
But AC=ED = AC!=ED? .(iiH)
From (i), (if) and (iii), '
AB? + BC? = BE* + BD? :
(SEA)Y + (5)* = (4EA) + (BE + CD)?
(-~ BE = AB - EA = SEA - EA = 4EA)
25EA? + 25 = 16EA? + (5 + 2EAY
(- CD = 2EA)
25EA* + 25 - 16EA? = 25 + 4EA? + 20EA
25x% + 25 - 16x7 = 25 + 4x* + 30x
(Let EA=x cm)
9 —4x2 =20x = 5x*=20x

x=4cm (x%0)

-~ EA=4cm

CD=2AE=2x4cm=8cm
AB=5AE=5%4cm=20cm
In ight angled AABC,

By Pythagoras Theorem,

AC?- AB*+ BC?

= AC? = (20)* + (5) = 400 + 25 = 425
= AC= Ja25 = \25x17.=517

Hence, AC = 5,/17 Ans.

(b) In nght AABC, £ZC =9Q°

D is mid-piont of BC

To prove : AB? = 4AD? - 3AC?

Proof : In right AABC, £C = 90°

AB?=AC? + BC? (1)
(Pythagoras Theorem)

But in right AADC



AD? = AC? + DC?

= AC!=AD?-DC? ..{if)
From (i) and (ii),
| BCY
AC*=AD* - B3
(. D is mid-point of BC)
BC?
AC?=AD? - 2

4AC? = 4AD? - BC?

AC? + 3AC? = 4AD? — BC?

'AC? + BC? = 4AD? - 3AC? 3

But BC? + AC? = AB? [From ()]
-, AB?=4AD? - 3AC?

Question 17.
In A ABC, AB =AC =x, BC =10 cm and the area of A ABC is 60 cm?. Find x.
Solution:



Given. In AABC,AB=AC=x,BC=10

cm. and area of A ABC = 60 cm?
Required. Value of x.

Construction. Draw AD 1 BC
A

B D C
——10cm —>

Sol. In isosceles triangle ABC
1 .

BD=— x BC
2

1 )
= BD:E * 10ecm =35 cm

In right angled ABD -
By Pythagoras theorem,

AB?*=BD? + AD?

x' = (5} + AD?

= AD*=x'-25 = AD=,{_35

1
Area of A ABC = 7 base x height

1
= ﬁ{l=§- x 10 x Jx2 _25

60x2 .
10 = x2—25 = 12 = '\JIE—ES
Squaring both sides, we get
. 2
(12)? =( x*—zs)
= 144=x"-25 = 144+25=x

= xX¥=169 = x=,169 =13
Hence, x =13 cm

Question 18.
In a rhombus, If diagonals are 30 cm and 40 cm, find its perimeter.



Solution: )

Given. AC =30 cm and BD = 40 cm where
AC and BD are diagonals of rhombus ABCD.
Required. Side of rhombus
Sol. We know that in rhombus diagonals are
bisect each other also perpendicular to each other.

1 1
AO=— AC=— x30cm=15¢cm

2 2
1 1
andBO=E BD =i— x40 ecm =20 cm
C
D o) B
A

In right angled A AOB

By Pythagoras theorem,

AB*= A0+ BO?

=(15)* + (20)* = 225+ 400 = 625

AB=  Jg25 =125
Side of rhombus (g) = 25 cm
Perimeter of rhombus = 4a =4 %25 = 100 cm

Question 19.

(a) In figure (i) given below; AB || DC, BC = AD =13 cm. AB =22 cm and DC =
12cm. Calculate the height of the trapezium ABCD.

(b) In figure (ii) given below, AB || DC,  A=90°, DC =7 cm, AB =17 cm and AC =
25 cm. Calculate BC.

(c) In figure (iii) given below, ABCD is a square of side 7 cm. if
AE=FC=CG=HA=3cm,

(i) prove that EFGH is a rectangle.

(ii) find the area and perimeter of EFGH.



12em C
r 1
i
i
i
]
I
I
22¢em N B
()
Solution:
D G C
F
H
A E B

(e}

(@) Given. AB || DC, BC=AD=13
cm, AB=22cmand DC=12 cm
Required. Height of trapezium ABCD.
Sol. Here CD=MN =12 cm.
Also, AM = BN
AB =AM + MN + BN
= 22=AM+12+AM
= 22-12=2AM
= 10=2AM
10
= AM=—_—=5
2
AM =5 cm.
In right angled A AMD
AD!= AM? + DM?
= (132=(5"+DM? = DM?= (13- (5)¢
= DM?!=169-25 = DM?=144
= DM= f1l44 =12 cm.
Hence, height of trapezium = 12 c¢m.

(b) Given. AB || DC, £ZA = 90°, DC = 7c¢cm,
AB=17cm and AC =25 cm.
Required. BC



In right angled triangle
AC*=AD?+ CD* (By Pythagoras theorem)
=  (25)'= AD?+ (7)?
= AD?*=625-49
= AD*=3576
=

AD = .[576 =24
AD = 24 cm,
Also, AD= MC =24 c¢m (~ AB || DC)
Also AM=DC=7cm
ie. AM=7cm
BM=AB-AM =10cm
In right angled A BMC
BC*= MC? + BM?
= (24)* + (10}



=576 + 100 = 676 = (26)?
= BC=26

BC =26 cm Ans. ,
(¢) Given. ABCD is a square of side = 7 cm.
AE=FC=CG=HA =3 cm.
To prove. (i) EFGH is a rectangle.
(i) To find the area and perimeter of EFGH.
Proof. BE=BF=DG=DH=7-3=4c¢cm
In right angled A AEH
HE*= HA® + AE?
=3y +@3)
=0+9=18

= HE::JIE:}ZEM.

. HE=GF = 32 cm.

Again In right angled AEBF
EF? = EB? + BF?

=(4)* + (47

=16+ 16 =32

EF = 432 = J16x2 = 42 cm.

;. EF=HG= 42 cm. .’
Join EG

In AEFG

EF + GF? = (3v2) + (2] = 18+32= 50

Also, EH? + HG? =32 + (a2 f = 18+ 32 = 50
-. EF? + GF?* = EH? + HG*
i.e EG? = HF?
i.e EG = HF
i.e Diagonals of quadrilateral are equal.
EFGH is a rectangle.
Area of rectangle EFGH = HE x EF

- 3{'5 x 4,/2 ¢cm? = 24 ¢m? Ans.
Perimeter of rectangle EFGH = 2 (EF + HE)

=2(4y2 + 32)
=2x 742 em
=]4ﬁ cm



Question 20.

AD is perpendicular to the side BC of an equilateral A ABC. Prove that 4AD? =
3AB>

Solution:
Given. ABC is an equilateral triangle and
AD 1 BC
To prove. 4AD? = 3AB?
A
B D C
Proof. Since ABC is an equilateral triangle
s AB=BC=CA
In right angled triangle ABD
AB?=BD? + AD? (By Pythagoras
theorem)
2
= AB* = (%E] +. \AD?
. an_ BC
v BD=—
[+o0-5 ]
2 .
= AB*= (AB) + AD? N
AB =BC(C]
ABZ
= AB’- = AD?
2_am?
== M = AD!
4
3AB?
= e AD?

= 3AB?=4AD?
= 4AD?=3AB?
Hence, the result is proved.



Question 21.
In figure (i) given below, D and E are mid-points of the sides BC and CA
respectively of a AABC, right angled at C.

A




Solution:
Prove that :
(i) 4AD*=4AC*+ BC?
(if) 4BE? = 4BC* + AC?
(iii) 4 (AD* + BE?) =5 AB~.

Ans. (@) Given. In A ABC, right angled at C. D
and E are mid-points of the sides BC and CA
respectively.
To prove. (i) 4AD? = 4AC* + BC?
(i) 4BE*=4CB*+ AC?
(iii) 4 (AD? + BE?) = 5AB?
Proof. In right angle A ACD,
AD? = AC? + CD? (By Pythagoras
theorem)
4AD? = 4AC* +4CD* -
(Multiplying both sides by 4)
4AD? = 4AC? + (2BD)
4AD? = 4AC? + BC? _ .. (L)
(" 2BD=BC .. D is mid-pointsiof BC)
(ify In right angled ABCE .
BE? = BC? + CE? (By Pythagoras
theorem)
4BE? = 4BC* + 4CE? (Multiplying both sides by
4) :
4BE? = 4BC? + (2CE)?
4BE? =4BC* + AC? veee (1)
(+ 2CE=AC .. E is mid-points of AC)
Adding (1) and (2) , we get
4AD? + 4BE? = 4AC? + BC? + 4BC? + AC?
4 (AD? + BE?) = 5AC? + 5BC?
= 5(AC*+ BC?
=5 (AB?)
(- Inright angled AABC, AC’+BC*=ABY"
lence, 4 (AD? + BE?) = 5AB?



Question 22.
If AD, BE and CF are medians of EABC, prove that 3(AB? + BC? + CA?) = 4(AD? +
BE? + CF?).
Solution:
Given : AD, BE and CF are medians of

AABC.

To prove : 3 (AB? + BC? + CA%) =4 (AD* + BE* +

CF) ' . '

B P D
Construction. Draw AP L BC.

Proof. In right angled A APB.
AB?= AP? + BP?

= AP+ (BD - PD)

= AP?+ BD* + PD* - 2BD.PD
= (AP’ + PD?) + BD’ - 2BD.PD

2
1 |
=AD*+ |=BC| -2 x| =BC
AD +(2 ] 2 [2 ].PD

I
(v AP*+ PD*=AD*? ~and BD = EBC )

1
=AD* + EBC‘—EC.PD ..... (N
Now, in AAPC :
ACr= AP + P2 (By Pythagoras theorem)

=AP? +(PD + DC)
=AP* + PD?* + DC* + 2PD.DC

2
1 |
= (AP? + PD?) + {‘5 BC] +2PD x [EBC]

( DC= %BC)



1
=AD*+ - BC* + PD.BC e (2)
Adding (1) and (2)

!
S AB*+ AC?=2AD + 3 BC* ... (3)

Similarly, Draw the perpendicular from B and C
on AC and AB respectively, we get

I
BC? + CA? = 2CF* + — AB? e (4)

1
AB? + BC? = 2BE? + -Z—ACZ e (5)

Adding (3), (4) and (5), we get
2 (AB* + BC? + CA?)
=2 (AD? + BE*+ CF?) + %{BCZ + AB? + ACY)
= 2 (AB?+ BC? + CA?) - %—(ABI + BC? +
CAY =2 (AD? + BE? + CF?)

= %{AB* + BC* + CA%) = 2 (AD + BE? +

CF?)
S 3 (AB* + BC? + CAY) =4 (AD? + BE* + CFY)
Hence, the proved.

Question 23.

(a) In fig. (i) given below, the diagonals AC and BD of a quadrilateral ABCD

intersect at O, at right angles. Prove that
AB? + CD? = AD? + BC?.

(b) In figure (ii) given below, OD1BC, OE LCA and OF L AB. Prove that :
(i) OA%2 + OB? + OC? = AF?+ BD? + CE? + OD? + OE? + OF2,

(ii)) OAF? + BD? + CE? = FB? + DC? + EA>.

[

Solution:



(a) Given. In quadrilateral ABCD the
diagonals AC and BD intersect at O at right
angles.

To prove. AB* + CD? = AD? + BC?

Proof. In right angled A AOB

AB*=AO0*+0B* . (1)
(By Pythagoras theorem)

In right angled A COD

CD?=0D? + OC?

Adding (1) and (2),

AB? + CD* = (AO* + OB®) + (OD* + OC?)

AB?+CD? = (OA? + OD?) + (OB + OCY) . ..(3)

Now, in right angled triangle AOD and BOC



By Pythagoras theorem,

OA?+O0D*=AD* .. (4)
OB’+ OC*=BC* .. (5)
From (3}, (4) and (5), we get

AB*+ CD? = AD* + BC?

Hence, the result.

(b) Given OD L BC, OE 1 CA and OF L AB.

To prove.

(i) OA* + OB* + OC* = AF? + BD? + CE? + OD*
+ OQE® + OF~.

(if)AF? + BD* + CE? = FB? = DC? + EA?,

Proof.

In right angled A AOF

OA*=AFF+OF .. (1)
In right angled ABOD

og*=BD*+0OD* L. (2)




In right angled A COE

oc*=CcgE*+OE* L. (3)
Adding (1), (2) and (3), we get

OA? + OB? + OC?* = AF?* + BD* + CE* + OD* + OE* +
OF (Proved (i) part)
(i) Also OA? + OB? + OC?

= AF? + BD? + CE? + OD* + OC? + OF?

= AF?*+BD?+ CE*= 0A*+ OB* +

0OC*- 0OD? - OE? - OF? g (4)
Again in ABOF, ACOD, AAOE,

BF? = 0B? - OF*

DC?= 0C?*- OD?

and EA* = OA? - OE?

Adding above, we get

BF? + DC? + EA? = OB — OF? + OC* - OD* + OA? —

OF
BF? + DC?+ EA? = OA? + OB? + OC? — OD? - OE? -
or - L (5)

From (4) and (5)
AF?+ BD? + CE* = BF? + DC? + EA?
Hence, the result.

Question 24.
In a quadrilateral, ABCD«B =90° = 2D Prove that 2 AC2- BC2 = AB? + AD? + DC2.



Solution:
Given. In quadrilateral ABCD, ~#B = 90°

and £ZD = 90°
To prove. 2AC*-BC*= AB*+ AD*+ DC?
A
[}
"
B C

Construction. Join AC.

Proof. In right angled A ABC

AC*=AB*+BC* . (1)
(By Pythagoras theorem)

In right angled A ACD

AC*=AD*+DC* L. (2)
(By Pythagoras theorem)

Adding (1) from (2), we get '

AC*+ AC* = AB? + BC*+ AD?* + DC?

2AC*=AB* + BC* + AD? + DC?

2ACY - BC*= AB* + AD? + DC?

Hence, the result.

Question 25.

Ina A ABC, 2 A=90°, CA =AB and D is a point on AB produced. Prove that :
DC2 - BD? = 2AB. AD.
Solution:



Given. AABC in which £ZA= 90°, CA=
AB and D is point on AB produced.
To prove. DC?- BD? =2AB.AD
Proof. In right angled A ACD,
DC? = AC* + AD?
DC?= AC?* + (AB + BD)?

C

A B D

DC? = AC? + AB? + BD? + 2AB.BD

DC? - BD? = AC* + AB* + 2AB.BD

But AC = AB (given)
DC? — BD? = AB? + AB? + 2AB.BD

DC? — BD? = 2AB? + 2AB.BD

DC?— BD? =2AB (AB + BD)

DC? - BD*= 2AB.AD

Hence, the result.

Question 26.

In an isosceles triangle ABC;AB = ACand D is a point on BC produced. Prove
that AD? = AC? + BD.CD.



Solution:
Given. Isosceles A ABC such that AB = AC.
D is mid-points on BC produced.
To prove. AD?=AC?+ BD.CD

A

=
B P C D

Const, Draw AP L BC

Proof. In right angled AAPD,

AD?= AP? + PD?

AD?*=AP? + (PC + CD)?

AD?= AP* + PC?* + CD? + 2PC.CD

In right angled A APC

AC*= AP* + PC?

s AD?=AC? + CD? + 2PC.CD

But A ABC is isosceles triangle and AP | BC

1
o PC—EBC

s ADP=AC*+CD*+2 x % BC.CD

AD?= AC?+ CD? + BC.CD
AD?= AC*+ CD [CD + BC]
AD?*=AC?+ CD.BD

i.e AD* = AC?+ BD.CD
Hence, the result.

Question P.Q.

(a) In figure (i) given below, PQR is a right angled triangle, right angled at Q. XY is
parallel to QR. PQ =6 cm, PY =4 cm and PX : OX = 1:2. Calculate the length of PR
and QR.

(b) In figure (ii) given below, ABC is a right angled triangle, right angled at B.DE ||
BC.AB =12 cm, AE =5 cm and AD : DB = 1: 2. Calculate the perimeter of A ABC.
(c)In figure (iii) given below. ABCD is a rectangle, AB=12cm, BC -8 cm andE is
a point on BC such that CE = 5 cm. DE when produced meets AB produced at F.
(i) Calculate the length DE.

(ii) Prove that A DEC ~ AEBF and Hence, compute EF and BF.



Lol
o
=

0] (i)

(i)
Solution:



(a) Given. In right angled APQR, XY || QR
,PQ=6cm, PY=4cm and PX: QX =1:2.
Required. The length of PR and QR.

Sol. PX:QX=1:2 (given)
LetPX = x ¢cm |
then QX = 2x cm

. PQ=PX + QX

= 6=x+2x = 3x=6 = x=§-2

S PX=2cmand QX =2x2cm=4cm

In right angled A PXY

PY?=PX? + XY? (By Pythagoras
theorem)

= @r=2r+xXy: = XY!=@4)-4

= XY’=12 = XY=/12 =23

Also, XY || QR
PX XY 2 243

PQ QR — 6 QR
= 2QR= 2,3 x6

Zﬁxﬁ

= QR=
Q 2

= fa/3 Cm.



PQ PR
L o2_a

6 PR

6x4 24
PR—T—T—IZCHI

Hence, PR ¥I12 cm and QR = ﬁ.ﬁ cm Ans,

(b) Given. In right angled A ABC,

ZB=90° DE || BC, AB =12 c¢cm, AE=5cm

and

AD:DB=1:2

Required. The perimeter of A ABC.

Sol. AD:DB=1:2 (given)

let AD =x cm

then DB = 2x cm

AB=AD+ DB

= 12=x+2x = 3x=12 = x=%

=4

S AD=x=4cm and DB=2x=2 x4om=8

cm

In right angled A ADE

AE? = AD’ + DE? (By Pythagoras
theorem)

= (5)=(4)+DE* = '25=16+DE?

= DE*=25-16 = DE'=9

= DE= 9 =3em

Now, DE || BC (given)
AD _DE
AB BC
4 3 ~12x3
= 2" BC = BC= y =3x3=90

cm



AD AE
Also, ——=——

' AB AC
.5 o ac=128 550
B — = ® =
12 AC 4 3
cm

Perimeter of AABC = AB + BC + AC
=12c¢cm+9cm+ 15 cm = 36 ¢cm Ans.

(c¢) Given. ABCD is a rectangle, AB = 12 cm,
BC = 8 cm, and E is a point on BC such that
CE=5cm.

Required. (i) The length of DE,



(i) To prove ADEC ~ AEBF and Hence, find EF
and BF.
(#) In right angled ACDE,
DE* = CD*+ CE?
DE? = AB? + CE? [CD = AB]
= DE*=(12*+ (5 = DE*=144+25

= DE!’=169 = DE= 169 =13 cm
Ans.
(if)in ADEC and AEBF
£DEC= /BEF (vertically opposite
angles) .
£ZDCE = ZEBF (each 90°)
. ADCE ~ AEBF (By A. A. axiom of
similarity)

CE _DE

BE EF

5 13

3°FF (" BE=8cm-5cm=3cm)

5xEF=13x%3

U

o, CE - DE

> BE BF
("BF =85cm~5cm=3cmalso CD=AB =
12 cm)

= BFx5=12x3 =BF= 3 "5—=T.2r.:m
Hence, DE = 13c¢m, EF = 7.8cm and BF = 7.2cm.

12x3 36

Multiple Choice Questions

Choose the correct answer from the given four options (1 to 7):
Question 1.

In a AABC, if AB = 6V3 cm, BC = 6 cm and AC =12 cm, then 2B is
(a) 120°

(b) 90°

(c) 60°

(d) 45°



Solution:

InAABC,AB=6./3 cm,BC=6cm, AC

=12 cm
A
a3 12¢m
cm
B fcm C

v AB?+BC?*= (63 ) + (6)°
=108 + 36 = 144
and AC*= 12 = 144
. £B=90° (b)
(Converse of Pythagoras Theorem)

Question 2.
If the sides of a rectangular plot are15‘m.and 8 m, then the length of its diagonal
is
(@) 17 m
(b) 23 m
(c)21 m
(d)17 cm
Solution:
Length of a rectangle (/) =15 m

and breadth () =8 m
. Diagonal = ;2 4 p?

= J157 +82 = J225+64

= 4289 =17m (a)

Question 3.

The lengths of the diagonals of a rhombus are 16 cm and 12 cm. The length of the
side of the rhombus is

(a) 9 cm

(b) 10 cm



(c) 8 cm

(d) 20 cm

Solution:
Lengths of diagonals of rhombus are 16 cm
and 12 cm

A B

-+ Diagonals of rhombus bisect each other at
right angles
Length of side

~ J[ First diagcmal]2 +(Secund diagﬂnat]z
- 2 2

J[MT (12}2

= J|l = +|—

2 2

= /82 +67 = J64+36

= J100 = 10cm (b)

Question 4.

If a side of a rhombus is 10 cm and one of the diagonals is 16 cm, then the length
of the other diagonals is

(@) 6 cm

(b) 12 cm

(c) 20 cm

(d)12 cm



Solution:
One diagonal of rhombus = 16 cm

Side= 10 cm

A 10cm B

"> The diagonals of a rhombus bisect each other
at right angles
- Inright AAOB,

16
AO= -2" =8cm, AB=10cm

s AB?=A0?+ BO? .

= 10°=8"+ B0’ = 100 = 64 + BO*

= BO*=100-64=36=(6)

s BO=6cm

. Other diagonal BD =6 x2 =12 cm (b)

Question 5.

If a ladder 10 m long reaches a window 8 m above the ground, then the distance
of the foot of the ladder from the base of the wall is

(@) 18 m

(b) 8 m

(c)6m

(d)4m



Solution:
Length of ladder =10 m
Height of window = 8 m

A

10m 8m

-
C B

. Distance of ladder from the base of wall

= JAC? —AB? = {10? -8?

= J100-64 = {36 =6m (c)
Question 6.

A girl walks 200 m towards East and then she walks ISO m towards North. The
distance of the girl from the starting pointis

(a) 350 m

(b) 250 m

(c) 300 m

(d) 225 m



Solution:
A girl walks. 200 m towards East and then

150 m towards North
Y
N~ B
150m
-
>
O 200m A X
L 4

Y

Distance of girls from the starting point (OB)
= JOA? + AB? = 1(200)% +(150)?

= ,J40,000+22500 = /62500 =250 m (b)

Question 7.

A ladder reaches a window 12 m above the ground on one side of the street.
Keeping its foot at the same point, the ladder is turned to the other side of the
street to reach a window 9 m high: If the length of the ladder is 15 m, then the
width of the street is

(@) 30 m

(b) 24 m

(c)21m

(d) 18 m



Solution:
Height of window = 12 m

Length of ladder = 15 m

D A

E C B

In right AABC

AC?=AB?+BC?= BC?=AC}-AB?
= BC?=152-122=225-144 =8] =(9)°
- BC=9m

Similarly in right ACDE

EC?=DC*-DE?=15*-9?

=225-81= 144 = (12)?

S EC=12m
. Width of street EB = EC + CB
=9+12=2Im (¢)
Chapter Test
Question 1.

(a) In fig. (i) given below, AD 1 BC, AB =25 cm, AC =17 cm and AD =15 cm. Find
the length of BC.

(b) In figure (ii) given below, «LBAC = 90°, LADC =90°, AD =6 cm, CD =8 cm and
BC =26 cm. Find :

(i) AC (ii) AB (iii) area of the shaded region.

(c) In figure (iii) given below, triangle ABC is right angled at B. Given that AB =9
cm, AC =15 cm and D, E are mid-points of the sides AB and AC respectively,
calculate

(i) the length of BC (ii) the area of A ADE.



D E
-
B D C O
) B
{1) A (iif)
C

{ii)
Solution:



(a) Given. In AABC , AD L BC, AB = 25
cm, AC=17 cm and AD=15cm
Required. The length of BC.
Sol. In right angled A ABD,
AB? = AD? + BD?
(By Pythagoras theorem)
s. BD'= AB*-AD?
=(25) - (15
=625 - 225 =400

= BD= ,/400 =20 cm.

Now, in right angled A ADC

AC*=AD*+ DC?* (By Pythagoras theorem)
DC?= AC? - AD?

= DC* =177 -(15)}

= DC*=289-225 =64

DC = Jgi = 8cm
Hence, BC = BD + DC =20 cm + 8 cm = 28 cm.
(b) Given. In AABC,

£ZBAC =90° £ZADC =90°AD = 6¢cm, CD =8
cm and BC = 26 cm.

Required. (/) AC (ii) AB

(iif) area of the shaded region

Sol. In right angled AADC
AC?= AD? + DC* (By Pythagoras theorem)

= (6)* + 8y
=36+64=100
= ..hnn = 10 cm Ans.

In right angled AABC



BC*= AB* + AC? (By Pythagoras theorem)
(26)" = AB* + (10)

AB? = (26)* ~- (10)

AB?=676 — 100 = 576

AB?= 576

AB= ,,"5'}'5 =24 cm

1
Now, Area of AABC = > x AB % AC

U gy

= %HM! 10cm? =12 % 10 cm? =120 cm®™
Area of AADC = %HAD xDE

= %xﬁxﬂcmz =3x8 cm®=24 cm®

Now, Area of AABC =';r *x AB x AC

- %xzdl* 10 cm? = 12 % 10 em? = 120 cm?

1
Area of AADC = ) x AD x DC

= %Kﬁxﬂ cm?=3 x 8 cm? =24 ¢cm?
Hence, area of shaded region =

Area of AABC - Area of AADC
=120 cm? - 24 cm? = 96 ¢m?



(¢) Given. In right angled AABC, AB = 9 cm,
AC =15 cm, and D, E are mid-points of the sides
AB and AC respectively.

Required. (i) length of BC

(if) the area of A ADE

Sol. In right angled A ADE,

( By Pythagoras theorem)
AE? = AD? + DE?

AcY (ABY
(5] - (5) +oe
( - _D and E dre mid-points of'/AB and AC
respectively.)

(3] - () e

= DE*=2—425-—%:- DE==-Iﬂ=36

4

= DE= .36 =6cm
Since D and E are mid-points of AB and AC

respectively.
1
DE || BC and DE = EBC
= BC =2DE=2x6cm = 12cm

1
(i) Area of AADE= 5 x AD = DE

AB
X[T] J":[II'E=% % -3- x 6 cm?
27
x3cm‘=? cm? = 13.5 ¢cm? Ans.

b | B | =

Question 2.
If in A ABC, AB > AC and ADI BC, prove that AB®>- AC? = BD? - CDA.



Solution:

Given. In AABC, AB > AC and AD 1L BC
To prove. AB?—-AC?= BD*- CD?

A
' 1] C
B D
Proof. In right angled AABD -
AB*=AD*+BD* . (1)

(By Pythagoras theorem)

In right angled AACD
ACl=AD*+CD* L. (2)
Subtracting (2) from (1), we get
AB* -AC?=(AD?+ BD? - (AD? + CD%)
= AD? + BD? - AD? -CD?
= BD? - CD?
AB* - AC*=BD* CD?
Hence, the result.

Question 3.

In a right angled triangle ABC, right angled at C, P and Q are the points on the
sides CA and CB respectively which divide these sides in the ratio 2:1. Prove that
(i) 9AQ? = 9AC? + 4BC?

(ii)) 9BP? = 9BC? + 4AC?

(iii) 9(AQ? + BP?) =13AB2.

Solution:

A right angled A ABC in which 2 C



90°, P and Q are points on the side CA and CB
respectively such that CP : AP =2 : 1 and
CQ:BQ=2:1

To prove. (i) 9AQ*=9AC?+4BC?

(ii) 9BP?=9BC*+ 4AC* B

(ii) 9 (AQ? + BP?) = 13 AB?

A P C

Construction. Join AQ and BP.
Proof. (i) In right angled AACQ
AQ* = AC? + QC?
(By Pythagoras theorem)
9AQ = 9AC? + 9QC?
( Multiplying both sides by9)
= 9AC? + (3QC)* = 9AC? + (2BC)

Qc__QC =2=:»3QC=2BC]

B 1:2= =
BQCQ BC BQ+CQ_ 3

|

= 9AC? + 4BC?
© 9AQP=9AC* +4BC? . (1)

(ii) In right angled. ABPC
BP*= BC?+ CP? (By Pythagoras theorem)
9BP? = 9BC? + 9CP?

(* Multiplying both side by 9)
= 9BC? + (3CP)* =9BC* + (2AC)’

[':AP:CP:I:ZCP: CP =33CP=2AC]
AC AP+CP 3



= 9BC?+ 4AC?
". 9BP? = 9BC? + 4AC? )
(iif) Adding (1) and (2),
9AQ%* + 9BP*=9AC? + 4BC?* + 9BC? + 4AC*?
= 13AC*+ 13BC*= 13 (AC*+ BC¥ =13 AB?
[In right angled AABC = AB? = AC? + BC?]
S 9AQ + 9BP? = 13 AB?
Hence, the result.

Question 4.

In the given figure, APQR is right angled at Q and points S and T trisect side QR.
Prove that 8PT? — 3PR? + 5PS2.

Solution:



=
R T S Q

In the APQR, £Q =90°
T and S are points on RQ such that these
trisect it
e, RT=TS=8Q
To prove : 8PT? = 3PR? + 5P§*
Proof : 1 et RT=TS=8Q=x
In right APRQ
PR?=RQ* + PQ? = (3x)* + PQ*=9x* + PQ?
Similarly in right PTS,
PT2=TQ? + PQ* = (2x)* + PQ? = 4x’ 4+ PQ*
and in PSQ,
PS?=SQ? + PQ* = x? + PQ?
8PT? = 8(4x* + PQ?) = 32x* + 8PQ*
3PR? = 3(9x* + PQ?) = 27x* + 3PQ?
5PS? = 5(x% + PQ?) = 5a® + 5PQ?
LHS = 8PT? = 32x° + 8PQ?
RHS = 3PR? + 5PS?= 27x% + 3PQ* + 5x% +
SPQ? .
=32x? + 8PQP
- LHS = RHS

Hence proved.

Question 5.

In a quadrilateral ABCD, 2B = 90°. If AD? = AB? + BC? + CD?, prove that ZACD =
90°.

Solution:



In quadrilateral ABCD, £B =90° and AD* =
AB? + BC? + CD?
To prove : ZACD = 90°
Proof : In ZABC, £B = 90°

. AC*=AB?+B(C? (1)
(Pythagoras Theorem)
But AD?=AB?+ BC?*+ CD? (Given)

A

Bl
B C

= AD?=AC?+ CD? [From ()]
.. In AACD,
ZACD =90°
(Converse of Pythagoras Theorem)

Question 6.
In the given figure, find the length of AD in terms of b and c.

Solution:
C




In the given figure,

ABC is a triangle, £A = 90°
AB=c,AC=}

AD 1 BC

To find : AD in terms of b and ¢

1
Solution : Area of AABC = 3 AB = AC =

1
2 be ' ) (D)
1
and AABC= —BC x AD (i)

2

But BC= \AB? + AC? = yc? + b

= [p? 4 o2 (i)
From (i) and (i),

1 1

EBC *x AD = Ehc:::BC *AD=he¢e

= b! +c2 x AD= bf.' [ﬁﬁm (H!‘)]
be
Hence AD = >
ce vb* +¢?

Question 7.

ABCD is a square, F is mid-point of AB and BE is one-third of BC. If area of AFBE
is 108 cm?, find the length of AC.
Solution:



Given : In square ABCD. F is mid piont of

1
AB and BE = EBC

Area of AFBE = 108 cm?
AC and EF are joined

D C

A F B

To find : AC
Solution : Let each side of square is=a

1
FB = 5 AB (F is mid point of AB)

1 ]
and BE = EBC = ga

Now in square ABCD
AC= [ xSide= [ra

1
and area AFBE = EFB x BE

11 1 1
== X% —gx —g= —
27 297397 x4



Eaz= 108 = a*=12 = 108 = 1296

= a=,/1296 =36

W AC= fpa= [ x36=36,2cm

Question 8.
In a triangle ABC, AB = AC and D is a point on side AC such that BC?= AC x CD,
Prove that BD = BC.



Solution:
Given. In a triangle ABC, AB =AC and D
is point on side AC such that BC? = AC xCD
To prove. BD = BC

B

Construction. Draw BE 1 AC
Proof. Inright angled ABCE

BC?=BE?* + EC* (By Pythagoras theorem)
=BE?+ (AC — AE)?
=BE’+ AC*+ AE*-2AC.AE
= (BE? +AE?) + AC? - 2AC.AE
=AB*+AC?-2AC.AE

(Inrt. Zed AABC, AB? = BE*+ AE?)

=AC*+AC?-2AC.AE (given AB = AC)
=2AC?-2AC.AE =2AC (AC-AE)
= 2AC.EC
But BC*=ACx CD (given)
= ACxCD=2ACEC = CD=2EC

E is mid-points of CD = EC=DE
Now, in ABED and ABEC '

EC = DE (above proved)
BE = BE (common)
ZBED = #BEC (each 90°)

- ABED = ABEC

(By S.A.S. axiom of congruency)
“ BD=BC (c.p.c.t.)
Hence, the result.



